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Abstract. We present a conjecture which unifies several conjectures on motives in characteristic 



Introduction 

In a talk at the June 1996 Oberwolfach algebraic if-theory conference, I explained that, in 
view of Voevodsky's proof of the Milnor conjecture, the Bass conjecture on finite generation of 
if-groups of regular schemes of finite type over the integers implies the rational Beilinson-Soule 
conjecture on vanishing of algebraic i^-theory of low weights in characteristic ^ 2. This argument 
is reproduced in the appendix. The next day, Thomas Geisser explained that, in characteristic 
> 0, the Tate conjecture on surjectivity of the Q;-adic cycle map for smooth, projective varieties 
over a finite field, together with the conjecture that rational and numerical equivalences agree for 
such varieties, also implies the Beilinson-Soule conjecture. His work is now available in llfl]. The 
present paper stems from an attempt to understand the relationship between these two facts. 

Let / be a prime number. We present a conjecture (conjecture 8.12) which is equivalent to the 
conjunction of three well-known conjectures on smooth, projective varieties X over Fp ij) ^ I): 

1. Tate's conjecture: the geometric cycle map 

is surjective (X ^ X Xp^ F^, G = Gal{¥p/¥p)). 

2. Partial semi- simplicity: the characteristic subspace of iJ"(X,Q/(n)) corresponding to the 
eigenvalue 1 of Frobenius is semi-simple. 
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3. rational equivalence — homological equivalence: the map (*) is injective. 

We note that the conjunction of (1), (2) and (3) (in codimensions n and dimX ~n) is equivalent 
to the so-called strong form of the Tate conjecture: the order of the pole of the Hasse-Weil zeta 
function C(X, s) at s = n equals the rank of the group of co dimension n cycles modulo 

numerical equivalence, cf. th. 2.9]. In this hght, conjecture ^.12 below can really be thought 
of as a sheaf-theoretic reformulation of the (strong) Tate conjecture. 

The main result of this paper is that conjecture B.12 (and therefore the three above together) 
also implies a host of other familiar conjectures: 

• The Tate conjecture and the partial semi-simplicity conjecture (see definition |6.7| ) for smooth, 
projective varieties over any finitely generated field of characteristic p (theorem ^.32 ). 

• The injectivity of the (arithmetic) Qj-adic cycle map for any smooth variety X over Fp, 
and a description of its image . In particular, th at ra tional equivalence equals homological 
equivalence on X (proposition 8.20| and corollary 8.22 ). 

• The Bass conject ure (f inite generation of the algebraic iiT-groups) after tensoring by Q for 
such X (corollary 1^). 

• The rational Beilinson-Soule conjecture for such X (ibid.). 

• The vanishing of K^^{F) » Q for n > trdeg(i^/Fp), when _F is a field of characteristic p 
(Bass- Tate conjecture in characteristic p, cf. corollary 3.30). 

• Soule's conjecture on the order of the zeroes and poles of the zeta function of a variety over 



Fp at integers p2] (in fact a refined version of it, th. B.41) 



The existence of a canonical integral structure on continuous ctale cohomology (proposition 



.19) 



It is known that these conjectures imply other ones: for example, the Tate conjecture plus 
semi-simplicity (in a range) imply that homological and numerical equivalences agree ([^2|, prop. 
8.4], (2.6)]), that the Kiinneth components of the diagonal are algebraic §3] and that Hard 
Lefschetz holds for cycles modulo numerical equivalence (see theorem 8.32 b)). On the other hand. 



the injectivity of the cycle map implies the existence of Beilinson's conjectural filtration on Chow 
groups (a variant of |2^, lemma 2.7], see also |2^, lemma 2.2], cf. theorems 8.32| b) and 8.36 here), 
which is in turn equivalent to Murre's idempotents conjecture ([^, 1.4], ]|21|, th. 5.2], cf. corollary 
PI here). 



One conjecture we don't know to follow from conjecture 8.12 is the Hodge-type standard con- 
jecture in characteristic p ] p^ , §5]. This is perhaps moral, since this conjecture implies the semi- 
simplicity of the full Frobcnius action on cohomology groups, not just at the eigenvalue 1 {ibid., 
th. 5-6 (2)); we feel that conjecture B.12 is not strong enough to imply such a fact per se. 

There is a variant of conjecture 3.12, involving Voevodsky's motivic cohomology (conjecture 
9.6). We show that, under resolution of singularities, it is equivalent to conjecture 8.12. It implies 
Lichtenbaum's conjectures of 



7] on the nature of the (etale) motivic cohomology of a smooth 
projective variety over Fp and on values of its zeta function at nonnegative integer s; in fact, we 
extend this consequence to arbitrary smooth varieties (proposition |9.13 and theorem 9.16| ). Under 
resolution of singularities, these properties therefore follow from the Tate conjecture, the partial 
semi-simplicity conjecture and the rational e quiv alence— homological equivalence conjecture. 

Let us now describe conjectures 8.12 and |9.6| . In |l^, Jannsen defines continuous etale coho- 
mology as the derived functors of the composition of left exact functors 



A'- 



Ab'' 



lim 



Ab 



where A is the category of abelian sheaves over the small etale site of some scheme X. Our starting 
point, only briefly considered in p. 219], is to observe that one can equally well define this 
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composition by going the other way: 



lim 



A 



Ab. 



In general the category A does not satisfy Grothendieck's axiom ABA* (products are not exact) , 
but nevertheless the inverse limit functor is left exact and preserves injectives, so it makes sense to 
study its higher derived functors with values in A or, better, its total derived functor i?lim with 
values in the derived category V^{A). In particular, we can define 

ZiinYx := i?limMr ^ V+{A) 

provided the prime I is invertible on X, a blanket assumption here. Note that Z/(n)3f is not an 
Z-adic sheaf in the sense of SGA5, but a complex of honest sheaves (up to quasi- isomorphism) . 

It is more convenient to work at once over the big etale site of SpecFp (restricted to smooth 
schemes): denote by Z/(n)'^ the corresponding object. We prove in section || that Z;(n)'^ = 
Qj/Z/(n)[-l] for n < 0, that 

Ziioy -If ®Zi 

where If is the class of a certain explicit complex of length 1 coming from the small etale site of 
SpecFp, such that 

:=Z^®Q~Q[0]eQ[-l], 
and that H'(X, Z;(n)'^) is finite for i ^ 2n + 1], n > and X smooth over Fp. 
In section ^, we define a map 

Q,(0)^®a*/Cf [-n] ^Q,(n)^ 

where IC^ is the sheaf of Milnor K groups over the big smooth Zariski site of Spec Fp and a is the 
projection of the big etale site onto the big Zariski site. Conjecture 8.12 says that this map is an 
isomorphism. 

In section ^ we analogously define a map 

Z,(0)'=(|a*Z(n) ^ Ziinf. 

Here, Z(n) is the 7i-th motivic complex of Suslin-Voevodsky and a is as above. Conjecture 
9.6 also states that this map is an isomorphism. 

This paper is organised as follows. In section 1 we go through basic facts concerning inverse limits 
and their higher derived functors. In sections 1 and ^ we "recall" some properties of continuous 
etale cohomology, cohomology with proper supports and Borel-Moore homology. In section U, we 
do some computations over finite fields. In section || we develop some elementary useful formalism. 
In section |6| we give our main unconditional results. In section 0, we generalise the main result 
of Milne |3^, th. 0.1] on the principal part of the zeta function Q{X^s) at s = n from s mooth , 
projective varieties to arbitrary varieties over Fp (th eore m |7.2| , theorem 7.8 and corollary 7.1C ); 
I am particularly fond of the statement in theorem |7.8| b). In section |^, we present our main 
conjecture and derive the consequences listed above, and others. Perhaps the most important ones 
are contained in theorems 8.32| and 8.36. In section ^ we present the motivic variant of our main 



conjecture and explore some further consequences of it. In particular, in proposition 9.25 we give 



as a consequence of conjecture 9.6 (and resolution of singularities) a description of the kernel and 
cokernel of the integral cycle map CH'^{X) ® Z/ ^ i/^"jj^(X, Z/(n)). In section |l^, we prove the 
restriction of conjecture B.12 to curves over Fp. In section |ll| we propose a "Zariski" variant of 
conjecture 9.6 related to the Kato conjecture. In section Owe briefiy discuss the much more open 



case of schemes of finite type over SpecZ[l/Z]. Here it is clear that Z-adic cohomology does not 
give the full picture; in order to explain the contribution of archimedean places, we expect that 
Arakelov geometry will play its role. Finally, in the appendix, we give a proof of our announcement 
that the Bass conjecture implies the Beilinson-Soule conjecture, in all characteristics. 
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A pendant of the present investigation for / = p could doubtlessly be developed; we don't tackle 
this here. Another thing which should definitely be done is to investigate analogues of conjectures 



3.12 and 9.6 over p-adic fields, p ^ I and p = I. 

It will be obvious that this paper owes much to Uwe Jannsen's previous work on motives. In 
particular, it is by reading the last chapter of Q, where Jannsen extends the Tate and Hodge 
conjectures from smooth projective varieties to arbitrary varieties, that I got the courage to look 
for a sheaf-theoretic version of the Tate conjecture. But it would be unfair not to acknowledge the 
influence of Vladimir Voevodsky's work as well. I also wish to thank Bernhard Keller and Amnon 
Neeman for a discussion which helped clarify some confusion related to section || Finally, I would 
like to thank Thomas Geisser for a large number of helpful comments. 

1. Continuous cohomology 



Notation. If A is an abelian category and T>{A) is its derived category, we usually denote by 
A i-^ A[0] the canonical functor A — > 'D{A). 

1.1. Inverse limits. Let A be an abelian category, and let A^ be the category of functors from 
N to A, where the category structure on N is given by its ordering. An object in A^ is the same 
as a projective system of objects of A. 

The constant functor A A^^ (induced by the projection N {1}) is exact. If A is complete 
( <^=^ AB3* holds), this functor has as a left adjoint the left exact functor: 

lim-.A^^^A 

(An) ^ lira An- 

which carries injectives to injectives. 

By |l^. (1.1)], A^^ has enough injectives if and only if A has. In this case, we can derive fim in 

lim':^^^^ (*>0). 
More globally, we can define a total derived functor 

Rlim:V+{A^) ^V+{A). 

1.2. Extending functors in one variable. Let B be another complete abelian category with 
enough injectives and T : A ^ B & left exact functor. Then T induces a left exact functor from 
A^ to B^* , that we still denote by T. We have a natural transformation of left exact functors 

T o lim — > lim oT (1-1) 
hence a chain of natural transformations in 'D{B) 

RToRUm ^ R{To\un) i?(limoT) ^ RlimoRT. (1.2) 

1.1. Lemma, a) The left transformation in (1.2) is a natural isomorphism, hence a spectral sequence 

i?Pr(lim«A) ^ i?f+«(T o lim) (A) 

for any A e A^'^ . 

h) IfT carries injectives to \m\-acyclics, the right transformation in (1.2) is a natural isomorphism, 
hence a spectral sequence 

\YmPRiT{A) ^ (lim oT) (A). 

c) IfT commutes with products, then (1.1) and the middle transformation in (1.2) are natural 
isomorphisms. 

d) IfT has a left adjoint which respects monomorphisms, then (1.1) and all transformations in 
(1.2) are natural isomorphisms. 
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Proof, a) holds because lim carries injectives to injectives. b) and c) are clear; the assumption in 
d) implies those of b) and c) . □ 

1.3. Extending functors in two variables. Let A,B,C be three abelian categories and let 
T : A X B ^ C he ail biadditive, bicovariant functor. Then T extends naturally to a functor 

by the formula 

T((a,),(6,)) = (r(a.,6.)). 

This formula can be derived in the usual way. For example, suppose that ^ = ;B = C is endowed 
with a right exact tensor product 

(E) ^ Ax A-^ A 

for which A has enough acyclic objects. Suppose moreover that ® has finite homological dimension. 
One can then derive the natural transformation 

(g) o (lim, lim ) lim o® 
between functors from A^ x A^ to A into a natural transformation 

L L 

® o(i?hm, i?hm) ^ i?limo(g) (1.3) 

between functors from V+{A^) x V+{A^) to V+{A). 

If T is contravariant in A and covariant in B, like Horn, its extension should be defined by an 
end, as in ch. IX §5]. 

1.4. Sheaves. Let X be a site and R a ring. We consider the category A of sheaves of i?-modules 
on X. Since the functor "global sections" F has as a left adjoint the exact functor "constant sheaf , 



we can apply lemma 1.1. As in |17[], we define 



2. Definition. Let (Jv) be a projective system of abelian sheaves over X. The continuous cohomology 
of X with values in (.Tv) is 

H:,^,{X, {T,)) = i?"(F o lim)((.F.)) = i?"(limoF)((^.)) 



(see lemma 1.1 c)). 



Since products are exact in i? — mod, lim ' = for i > 1 and the spectral sequence of lemma 1.1 
b) yields "Milnor" exact sequences ||l^, (1.6)] 

^ limii/"-i(X,^,) ^ Hl\^^,{X, {T,)) ^ limH"(X,^,) ^ 0. (1.4) 



But the spectral sequence of lemma 1.1 a) also says that continuous etale cohomology can be 
computed by a hypercohomology spectral sequence: 

i/P(X,lim«(.F.)) ^ m:^,{X, (T.)). 

This gives us a formula for the stalks of lim9(J^^) (c/. |l|, (3.12)]): 

3. Lemma. For x a point of X , we have 

(lim^T,)), = hm UB.H^contiU, (T,)). □ 

We also have: 

4. Proposition. Suppose that cdi^(X) < n. Then, 

a) For any inverse system of R-sheaves {Ti,) and any U ^ X , we have H^^^^.{U, (J-^)) = lim''(Jv) = 
for q > n + 1. 

h) If moreover {Tu) satisfies the Mittag-Leffler condition, then H^^^-^^{U, (^j/)) = lim'^(jFy) = for 
q > n. 
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Proof, a) This follows from the Milnor exact sequence (1.4). 

b) By (1.14)], we may assume that the transition morphisms of (.?>) are surjective. Then 
the same holds for the inverse system {H"^^^^{U, T^)). The conclusion now follows again from (1.4). 



□ 



Let / : y — > X be a morphism of sites. By lemma IT c), the natural transformation 

/* o lim lim o/^ (1.5) 



is an isomorphism; denote by /™"' either side of (1.5). Suppose that /* respects monomorphisms 
{e.g. is left exact). Applying lemma 1.1 d), we get similarly two spectral sequences 

lim''(i?V*.^n) ^ R''+yT\^n) ^ RPf^hn'^iTn). 
In general, the natural transformation 

/* o lim — > lim of* 

is not an isomorphism. When /* has a left adjoint which respects monomorphisms, we can however 



apply lemma 1.1 d). This is the case for example if the associated topos Shv{Y) is induced from 
Shvlx) via / (c/. ||, expose IV, §5]). 

Suppose R commutative of finite Tor-dimension. Let (Jv),(^iy) be two inverse systems of 
sheaves. Applying (1.3), we get a morphism in 'D~^{A) 



i?Um(J^^)|)i?lim(a^) ^ Rlhn{T^[0]^g^[0]). 

Let (Tijy) be a third inverse system of sheaves and a : (JT^) x {Q,y) - 
A^. Using the composite 

in V^I A), we get an induced morphism 

a : R\mi{T^) ^ Rl\m{g^) i?lim(W^). 



(TLu) a bilinear map in 



(1.6) 



2. Continuous etale cohomology 



2.1. Definition. Let I be a prime number and S* be a scheme over SpecZ[l/Z]. Let denote the 
big etale site of 5, with underlying category the category of all 5'-schemes locally of finite type. 
For n e Z, we denote by Zi{n)% (resp. Qi(^)s) the object i?lim(Z/r(n)) {resp. Iiinf ^Q) of 
2?+(A6(S'g^)). Here, 'L/l'^{n) denotes the sheaf of l^-ih roots of unity twisted n times. 

For X of locally finite type over S, we shall usually denote by Hl^.^^ {X, "Li [n)) and -ff *ont {X, Qi (n)) 
the hypercohomology groups M.l^{X,Zi{n)g) and Ml^{X,Qi{n)g). 

Note that, by definition, 1i{nYg and Q;(»t.)^ are complexes of honest sheaves over (up to 
quasi-isomorphism) . By subsection 1.4, their hypercohomology coincides with Jannsen's continuous 
etale cohomology . They are related by the obvious 

2.2. Lemma. There are exact triangles in {Ab{S-^^)): 

r 



where Q;/Z;(n) limZ//''(77.). 



Let X — > S* be a morphism. Since f*'I,/F{n) 



Z//''(n)[0] 
Q;/Z,(n)[0] 



Z,(n)^[l] 



□ 



Z/Z'^(n), we have morphisms in {Ab{X-j^^)) 
>Qiinrx- 
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If / is locally of finite type, then the topos Shv{X^^) is induced |5j, expose IV, §5] from 
Shv{S^^) via / and these are isomorphisms by the remarks after proposition 1.4. This justifies 
to write H*^^^{X) rather than H*^^^{X/S). In other rule they are (violently) not 

isomorphisms. For example, if 5 = Specfc, k a field, X = Specfc, k its algebraic closure, then 
Q;(n)5f = while f*Qi{n)g is usually nonzero. However, lemma implies 

Lemma. The cone of f*'Zi{n)g — > Z;(n)5f has uniquely divisible cohomology sheaves. □ 
In general, we shall denote by 

H:,^,{XlS,Un)) 

the cohomology groups Hf^{X, f*Zi{n)g). By the above, they coincide with H*^^^^^{X, 'Li{n)) when 
/ is locally of finite type, and map naturally to them in any case. The same holds with Q; 
coefficients. If S is affine Noetherian and / is quasi-compact and quasi-separated, then, by | |5l] , 
C.9], X is the filtering inverse limit of a system of S'-schemes Xi of finite presentation, with affine 
transition maps. Since etale cohomology commutes with this type of inverse limits [ p4| Expose 
VII, cor. 5.8], we have 

H:^,,{XlS,Zi{n)) = limi/*(X„Zi(n)). 

Therefore, the groups H*^^^{X/ S,Zi{n)) generalise those introduced by Jannscn in §11]- In 
particular, using lemma we can describe the stalks of Zi{n)g at a geometric S'-point s: 

WiMnTsh = HLASpecOts/S,Mn)). (2.1) 



Let rUjU e'Z. From (1.6) we deduce canonical pairings: 

Ziimrs^UnYs > Um + nYs 2) 

Q;(TO)s®Qi(")l ' Qi{m + nYg. 

Z-adic sheaves. For any Z[l//]-scheme X, let Zi{Xct) be the full subcategory of the category 
Ab^XctY* (small etale site) consisting of AR-Zj-constructible sheaves in the sense of |5^, expose 
VI, def. 1.5.1] (this category is denoted by U{X) in loc. ait., not. 1.5.4). This is an abelian 
subcategory. Suppose X connected, let a; be a geometric point of X and let 11 = tti {X, x) be its 
etale fundamental group at x. Let Z/ (11) fg be the category of continuous representations of 11 onto 
finitely generated Z;-modules. Then 

L ^ {L/n 

defines a functor Z;(n) fg Z/(Xct). We have 

Proposition. [^6| expose VI, prop. 1.2.5 and 1.5.5] This functor is a full embedding; moreover, 
any object o/Z/(Xot) is AR-equivalent to the image of an object of Z,i{)l)fg, in the sense of fs^ , 
expose V, 2.2]. □ 

Ekedahl |^ has constructed a triangulated category T)z^{X(.t) with a i-structure such that 

• Z((Xct) is the heart of Pzi(-'^ct) for this i-structure. 

• There is a triangulated functor 

Vj^,{X,,)^V+{Ab{X,,f) 

which respects the i-structures and whose restriction to hearts coincides with the full em- 
bedding Zi{Xit) ^ Ab{XaT ■ 
This is not completely true, as Ekedahl works modulo essential (ML) isomorphisms. However 
one can replace his construction by that where one keeps essential isomorphisms uninverted, so 
that X)z,(^ot) actually maps to V+{Ab{XitT). 

For all n e Z, the projective system of sheaves Z;(n) = {Z/l'^{n)) belongs to Z;(Xot). By 
definition, we have 

Z/(n)[^ = Rlimliin) 
where \x denotes restriction to the small etale site of X. 
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Although we need ^^[{nY to express our conjectures, the reader should be aware that all serious 
computations are actually done with ?-adic sheaves, notably with the help of proposition ^.4| . Also 
beware of similar-looking spectral sequences which are in fact different. For example, ii f :Y ^ X 
is a morphism, there are two spectral sequences 

Here we have written /J9y^-adic ^^^^ higher derived images of /* from 'Li{Y(.t) Zi{X^t)- 
They are best explained by a naturally commutative diagram of functors 

Z/(n)y el?z,(yet) > V+iAbiY6tf) P+(A6(yet))3Zz(n)^ 

Vz,{Xa) > V+iAb{Xitf) V+{AbiY,t)) 

The left spectral sequence is obtained from the composition of Rfl^^'^^'^ with the bottom hori- 
zontal composition, applied to Zi(n)y, while the right one is simply the Leray spectral sequence 
for the right i?/*, applied to Z;(n)y. These two spectral sequences will generally yield different 
filtrations on H*^^^^.{Y, Zi{n)). In practice it is the /-adic spectral sequence that is the most useful. 

3. Classical theorems 

This section is included for future reference and can be skipped at first reading. We give a few 
basic results on continuous etale cohomology, which directly involve Zi{nY or variants of it. One 
notable exception is Poincare duality, for which we are not aware of a formulation involving this 
object. 

Notation. Let ttx ■ X-^^ Xct be the projection of the big etale site of X onto its small etale 
site. If C e we write 

C^x -.^RiTTxYC 
for the restriction of C to Xct- We simply write 

Mn)\x = iMnrx)\x 



3.1. Theorem. (Proper base change) Let 



Y' Y 



/' 



X' — ^ X 

be a cartesian diagram of schemes, where f is proper and g is locally of finite type. Then, for all 
n G Z, the base change morphism 



g*RfAinyY^Rf'J*Mn) 



Y 



in'D^{X'^^ is an isomorphism. 



Proof. This follows from applying i?lim to the classical proper base change theorem |5j. Expose 
XII, th. 5.1] 

extended to the big etale sites. □ 
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2. Corollary. Let f : X X he a proper morphism and U d X be an open subset sueh that 
f\f-^{U) ■ f^^{U) U is an isomorphism. Let Z = X \ U and Z = f^^(Z), both with their 
reduced structure. Then there is an exact triangle 

where i (resp. i is the closed immersion Z ^ X (resp. Z ^ X). Hence a long exact sequence 

• • • ^ Hl-^,{Z, Un)) ^ Hl,,,,{X, Un)) 

-> W,,,jZ,Mn)) ® Hl^^,{X,Mn)) - Hl^^,{Z ,Zi{n)) . . . 

Proof, (compare 6.17. p6|, proof of prop. 2.1])Letj:[/ X be the open immersion coraplementary 
to i. Apply the exact triangle of functors Id i^i* — * to the morphism Z;(n)^ 

Rf^,'Li{nY-^ to get a commutative diagram of exact triangles 

j^fMnYx ' Mn)x ' i*i*Mn)x ' j,j*Zi(n)5,[l] 



j,rRfAin)% > RfAinn > i.i*RfA{n)% > ju*Rf*Mn)Ul] 



By theorem 3.1 and the assumption, the left vertical morphism is an isomorphism and 

i,i*RfA{nY^^i*Rf%{n)z. 

where /' is the restriction of / to Z. Moreover, i^,i*'Li{nYx — i*'^i{nYz- We deduce from this the 
exact triangle of corollary |3.2| . □ 

3. Theorem. (Homotopy invariancc) Let f : X ^ S be a morphism locally of finite type whose 
geometric fibres are isomorphic to affine spaces (e.g. a torsor under a vector bundle). Then, the 
natural map 

MnYs ^ RfJ*ZiinYs ^ RfAHx 

is an isomorphism. 

Proof. This is clear from the homotopy invariance of etale cohomology with coefficients Z/l'^{n) 
(mI Expose XV, cor. 2.2]. □ 

4. Theorem. (Purity, cf. [p^ , (3.17)]) Let {X, Z) be a regular S-pair of codimension c and i : Z '-^ X 
the corresponding closed immersion. 

a) Suppose {X, Z) is a smooth S-pair. Then, for all n <E'L is an isomorphism 

1i{n - cY{z[~2c] ^ Rv1i{nY{x 
with the usual naturality properties. 

b) Assume S and X are quasi- compact, quasi- separated over SpecZ[l//] and that X has etale 
l-cohomological dimension N . Then there are maps 

Ri-'Li{nY{x M{N)Zi{n - c)[^[-2c] ^ Z,(n - c)[^[-2c] 

whose cones are killed by M(N). Here M(N) is the integer described in js^, 3.3]. In particular, 

RrQi{n)\x^Qi{n-c)\z[-2c] 



Proof, a) follows from classical purity (H, Expose XVI, cor. 3.8] and pi, ch. VI, §6]), since 



has as a left adjoint the exact functor i^, cf. lemma 1.1 d). b) follows from Thomason's theorem 
on absolute cohomological purity [^0[ 3.5] and the limit result already quoted C.9]. □ 

5. Remark. O. Gabber has announced a proof of absolute cohomological purity in general. Using 



this, one can get rid of the integer M{N) in theorem 3.4 b) 
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3.6. Theorem. (Cohomological dimension) If cdi{X) < N, then H^^^^{X,Zi{n)) ^ for q > N . 



Proof. This follows from proposition 1.4. □ 



3.7. Theorem. (Trace maps) Let f : X' X he a finite flat morphism of constant separable degree d. 
Then there exists a morphism 

Trj : fAinfx' ^Mn)x 
whose composition with the adjunction morphism 

is multiplication by d. This morphism commutes with base change. If g : X" X' is another such 
morphism, then 

Trfog = TrfO f.Trg. 

Moreover, if Z ^ X is a smooth S-pair of codimension c, f : X' ^ X is finite and flat and 
Z' = f~^{Z), then the diagram 

Zi{n - c)^r;,[-2c] ~ ) Ri!-Zi{n)'^^, 

Tr,, I Trj ' 



Z/(n - c)[2[-2c] — ^ ffi'Z,(n)f=^ 

commutes, where i' is the closed immersion Z' ^ X' and f is the restriction of f to Z' . 

Proof. Except for the last claim, this has nothing to do with continuous cohomology: the way the 
trace is described in exp. IX, §5.1] shows that it defines a natural transformation 

Trf : fj* ^ Id 



on 2?^(XgJ, which commutes with base change. In fact, |54, exp. IX, §5.1] only deals with the 
case when / is etale, but the extension to a finite morphism reduces by the same method to the 
case of a radicial morphism, when /* is an equivalence of categories. 

The last claim is local for the etale topology and to prove it we reduce as usual to the case when 
c = 1 and Z is defined say, by a rational function a € T(X — Z, Gm)- Then the isomorphism 

i,z/rin-i)z ^nl{z/rin)) 

is given for all v by the "extraordinary cup-product" ||l^, 9.14] by the Kummer class of a in 
iJ|(X,Z/r(l)), and similarly for {X',Z'). The diagram of sheaves 

/*itZ/r(n-l)z' f,Hl,{Z/l''in)) 

f,i,Trj-, Trf 

i,Z/F{n^l)z Hl{Z/r{n)) 



clearly commutes for all v > 1; applying Ri'Rlim to this commutative diagram of /-adic sheaves 
yields the result. □ 

3.8. Theorem. (Gersten's conjecture) Let k be a field of characteristic ^ I and X a smooth affine 
variety over k. Let {xi, . . . ,2;^} be a finite set of points of X and Y — SpecOx,xi,....xr- Then the 
Gersten complex 

Q^Hl,^,{Ylk,Zi{n))^ [] Hl^^,{k{y)lk.Un))^ U i?^-\(fc(2/)/fc, Z,(n - 1)) ^ . . . 
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is universally exact in the sense of Grayson [T^ for all i. If X' ^ X is finite and fiat, the diagram 
O^HUt{Y'lk,Un))^ II Kont{Hy)/k,Mn))^ H KonMy)/k,Mn - 1))^- ■ ■ 

commutes, where Y' ^ Y x x X' . 



Proof. T he f irst claim follows from cor. 5.1. 11, prop. 5.3.2 and ex. 7.1.8], theorem 3.3 and 



theorem "iA, plus jj, th. 6.2.5] and theorem 3/7 in case k is finite. More precisely, by homotopy 



invariance we get universally exact Cousin complexes 

Q^Hl,^,{Ylk,Un))^ II Hl^^AY/KUn))- ]\ Hl%LdY/k,Mn - 1)) ^ . . . 

and then purity allows us to rewrite them as Gersten complexes. The second claim is clear for the 



Cousin complexes, and follows for Gersten complexes from the last part of theorem 3.7. □ 



3.9. Remark. With more effort one could check that 

K^H:,,,{K/k,Zi{n + *)), 

where A: is a base field and K runs through finitely generated extensions of K, defines a cycle 
module in the sense of Rost We skip this since it will not be needed here. 

3.1. Cohomology with proper supports. For X — > S separated of finite type, we define 
continuous cohomology with proper supports as 

Hl,^,^,iX/S,Mn)) Hl,{S,mimRf,Z/r{n)) (3.1) 

where Rfi is the functor "higher direct image with proper support" from appendix to expose 
XVII]. By abuse of notation, we shall denote the object RliinRf\Z/l'^(n) by Rf\'Li{n)\. We have 

3.10. Lemma. There are natural homomorphisms 

Hl^,jX/S,Un)) ^ W^^^,{X,Un)) 

which are isomorphisms when X/S is proper. 

Proof. This follows from the same fact with finite coefficients. □ 



Using |54, exp. XVII, (6.2.7.3)], one can define trace maps for finite flat morphisms in continuous 



cohomology with proper supports, verifying the same properties as in cohomology without supports 



(see theorem 3.7). We shall not need them here, so skip the details. 



3.2. (Borel-Moore) etale homology. For any X — > S locally of finite type, define 

Li{n)x/s ■■= i?limi?/'Z/r(n) 

where i?/' is the extraordinary inverse image of p^ . Expose XVIII]. Wc define continuous etale 
homology as 

Hr\XlS,Un)) ■■= H7^{X,Li{-nY^,s)- (3-2) 

This coincides with Laumon's definition of Z-adic etale homology |^ in the case S — Spec A; , k 
an algebraically closed field. 
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3.11. Proposition, a) Let i : Z ^ X be a closed immersion and j : U ^ X be the complementary open 
immersion. Then there are long exact sequences 

• • ■ ^ Hr'\Z/S,Zi{n)) ^ Hr'\X/S,Zi{n)) i H^^'^U / S,1i{n)) ^ H^°f{Z/S,1i{n)) ^ . . . 

b) Continuous etale homology is contravariant for etale S-morphisms or finite flat S-morphisms 
and covariant for finite flat S-morphisms; if u : X' X is finite and flat, of constant separable 
degree d, then the composition 

H:°^\X/S,Zi{n)) ^ H:°^\X'/S,Zi{n)) ^ H:°^\X/ S,Zi{n)) 
is multiplication by d. 

c) If X is smooth compactifiable of pure dimension d, there are canonical isomorphisms 

Hr'{X/S, Un)) c H'J-,\X, Ziid - n)). 
Proof, a) This follows from applying R lim to the classical exact triangles 

i^Ri'Rf'Z/F{n) Rf'Z/F{n) Rj^f Rf'Z/l" (n) -> i^Ri' Rf'Z/l" {n)[l]. 
h) li u : X' X is ctalc or finite and flat, the map 

u* : H-r'iX/S,Zi{n)) ^ H^^^'iX' /S,Zi{n)) 
is defined through the unit morphism 

Lii-n-Yx/s Ru^u* Li{-n)''xfg = Ru^u-Lii-nY^^g = Ru^Li^-nY^, ^g. 
If u is finite and fiat, the map 

: Hl°-\X'/S,Zi{n)) ^ Hl°-\X/ S,Zi{n)) 



is defined through the trace map (see proof of theorem 3.7 ) 

u^Li{-n)x,/s = u^u*Li{-n)x/s Li{-n)x/s- 
The formula u^u* = d is then clear. 

c) This follows from applying i?lim to the isomorphisms of expose XVIII, th. 3.2.5] 

i?/'z/r(n) ~ /*z/r(n + d)[2d]. 



□ 



3.3. Duality. Recall 54, expose XVIII, th. 3.1.4] that, for / : X 5 separated of finite type, the 
functors Rf\ and Rf' are (partially) adjoint on the derived categories of sheaves of Z/Z'^-Modules. 
Let Tf : Rf\Rf' —>■ Id be the counit of this adjunction. It induces an isomorphism 

Rf,RHomT,.^x,,m{A,RfB) RHomr„(s,,.i./i-^){Rf\A,B) 

for any A, B. Taking A = Z/l'^ , B = Z/l'^{—n), this translates as 

i?/,i?/'Z/r(-n) ^ RHomsiRfiZ/l'',Z/r{-n)) ~ RHoms{Rf\Z/r {n),Z/r). 

These isomorphisms are compatible when v varies in the sense that, for ^ > the diagram of 
pairings 

Rf^RfZ/lf'i-n) ® RfiZ/l>'{n) > Z/lf" 



Rf^Rf-Z/l^i^n) ^ RfiZ/F{n) > Z/F 

commutes, where the left map is the tensor product of the two projections. This translates as a 
pairing of Z;-sheaves, in I?Zi(5'ct) 

Rfi-^^''Ui-n)x/s^Rft'"'''Mn)x ^ Zi 



TATE CONJECTURE 



13 



whose adjunction 

Rft-'"'''Li{-n)x/s - RHmnv.^is,,)iRfl-''''''Mn)xM (3.3) 

is an isomorphism in P^, (•S'^t)- 

Note that, more generally, there are pairings of Z-adic sheaves 

which induce products in cohomology 

Hr\X/S, Up)) X Zi{q)) ^ Hl^{S, Uq - p)). (3.4) 

3.4. Schemes over Fp. In this paper, we shall mainly concentrate on the case 5 = SpecFp, where 
p is a prime number ^ I. The next results are special to this case. 

3.12. Lemma. Let X be a scheme of finite type over SpecFp. Then for all n ^ "L, i > 0, 

a) Hl,,,{X,'Li{n)) ^ \un Hl{X ,1. / F {n)) . 

h) HJ:^^^(X,'Zi{n)) is a finitely generated "Li-module. 

The same assertions hold for Stale cohomology with proper supports and etale homology. 



Proof, a) follows from Deligne's theorem that the Hl^iX^lj/l^ [n)) are finite |55, Th. finitude]. b) 
By a), this Z/-module is compact. On the other hand, the exact sequence 

Hl^,,,{X,Un)) ^ Hl^^,{X,Un)) - HUX.I/lin)) 
shows that it is finite modulo I. Therefore it is finitely generated. Similarly for the other cases. □ 

3.13. Proposition. Let X be a (not necessarily smooth) variety over a finite field k, with char A: ^ I. 
Let k be the algebraic closure of k, Gk = Gal{k/k) and X — k (E^k X. Then, for all n G "Z and 
q > 0, there is an exact sequence 

^ iJ,Vni(XZ,(n))G, ^ if,Vt(^,Z,(n)) ^ i/,Vt(XZz(n))«'= ^ 0. 

There are similar exact sequences for continuous cohomology with proper supports and continuous 
homology. 

Proof. (Note how we use essentially the Z-adic sheaf definition of continuous etale cohomology, and 
not the complexes Zi{n)'^.) We do it only for continuous cohomology, the other cases being similar. 
By (3.4)], there is a "Hochschild-Serre" spectral sequence 

= ifeVt(fc,^cVt(XZKn))) ^ if,C,?(X,Z,(n)). 

Moreover, by §2], we can identify the £^2-terms to continuous cohomology of the profinite 
group Gk — Gal{k/k) in the sense of Tate [ p8[ . 
Since k is finite, we have 

fO _ if 0,1 

El'" ^ iHl^.iX^Mn))'''' ifp = 
[Hl^,{X,Zi[n))G, ifp=l. 

This concludes the proof. □ 



3.14. Corollary. With X as in proposition 3.1c, let di{n) — dimQ, i/*Qjjj(X, Q/(n)). Then we have 

diu,Hl,^,{XMi{n))''- = dimW,,,,,(X,Qi(n))G, = d^n) - d,-i{n) + . . . . 

There are similar identities for continuous cohomology with proper supports and continuous ho- 
mology. 
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Proof. Since H^^^^{X , Qi{n)) is a finite-dimensional Q/-vector space, we have 

for all i, as follows from the exact sequence 

^ Hl^^,(X,Qiin)f^ ^ W^^^,(X,Qiin)) ^ Q,(n)) ^ ff^,„t(X, ^ 0. 

The result then follows from proposition 3.13| which shows that 



=dimi/^,„t(X,QK«))'''' +dimi/^-„\(X,Q,(n))G, 

□ 



3.15. Corollary. Let X be a (not necessarily smooth) variety over a finite field k, with charfc ^ I. Then, 
for all n G Z, 



5](-l)MimQ, i/^,„,(X,Qz(n)) = 0. 



The same holds for continuous cohomology with proper supports and for continuous etale homology. 
□ 

3.5. Duality again. Let B ^ B*[l] be the functor from V^iZ/l" -mod) to X'''((SpecFp)et, Z/^'') 
which associates to a complex of Z/^'^-modules the corresponding complex of constant (SpecFp)ot- 
sheaves, shifted once to the left. This is right adjoint to RT, with counit 

induced by the canonical isomorphism 

H\¥p,Z/r) ^z/r 



given by evaluation on the Frobenius. Applying RT{¥p, — ) to (3.3) and then applying this adjunc- 
tion, we get a chain of adjunction isomorphisms in 

RTiX,Li{-n)) ~ i?r(Fp,i?/i--d-X,(-,i)x/spccFj 

~ RHoniT,, (,)(i?r(Fp,i?/,'-^^*^Z,(n)x),ZO[l]. 

By ||, th. 7.2], the two sides can be identified with objects of the derived category of finitely 
generated Zj-modules. We then get isomorphisms 

iJ^"* (X, Z, (n) ) ^ 1 {RBomj,. {RV (Fp , RfY^^^'TLi (n)x ) , Z,) ) . 

By the standard Ext spectral sequence, this yields in a short exact sequence 

^ Ext{Hl%^,(X,l.,{n)),%0 - Hr*(^,Z,(n)) ^ i?om(iJ^+i,,(X,Z,(n)),ZO ^ 0. 

(3.5) 

For any Z;-module A, let A denote ^/tors. 
3.16. Lemma. Let A be a finitely generated "Li-module. Then there is a canonical isomorphism 

Ext{A,Zi) ~ Bom{At,,,,Qi/Zi). 
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Proof. This follows from the commutative diagram with exact rows and columns 

> > > 



Hom{A, Qi) 



Hom{A,Qi) 



Hom{Ators,Qi/^i) 



Hom{A,Qi/Zi) 



Hom{A,Qi/Zi) 



Ext{Ators,Zl) 



Ext{A,Zi) 



Ext{A,Qi) 



(We used that Ators has finite exponent and that A is free). 



□ 



In view of lemma 3.16, the first group in the exact sequence (3.5) is isomorphic to 

Hom{H:%lAX,Z,{n))tors,Qi/Zi) 
while the last one is obviously isomorphic to 

Hom{Hl%l,,{X,Zi{n)),Zi). 
We finally get the following theorem: 

3.17. Theorem, (c/. lemma 5.3] in the smooth, proper case) For any X separated of finite type 
overWp, the geometric adjunction between Rf\ and Rf' and the arithmetic adjunction over Spec Fp 
induce perfect pairings 

Hr\X,Zi{n)) X Hl+,l^,{X,Zi{n)) -> Zi 



given by the products (3.4) followed by the trace, as well as isomorphisms 

Hom{Hl+l^^{X,Zi{n))tors,Qi/Zi) ^ ff™'^*(X, Z,(n))tor«. 

In particular, if X is smooth and proper of pure dimension d, H^I^^^{X,Zi{d)) is canonically 
isomorphic to Z; and the resulting pairings induced by cup-product 



Hl^^,{X,Zi{n)) X H[ 



{X,Zi{d-n)) ^Zi 



are perfect modulo torsion. 



□ 



4. Restriction to F. 



p 



We now start our investigation. Let p ^ I. We shall begin by computing the restriction of 
Zi{n)f and Qi(n)y to the sma/l etale site of Spec Fp. 

Let Z = limZ/n. Note that the discrete abelian group Q/Z is naturally a module over this 
profinite ring, with continuous action. Consider Z as an additive profinite group. We introduce 
the discrete topological Z-module 

M = Q/Z X Q/Z 

provided with the following action: for (a, r, s) G Z x Q/Z x Q/[ 
a short exact sequence 

Q/Z ^ M Q/Z ^ 



whose kernel and cokernel are trivial Z-modules. 

Let M be the pull-back of this extension under the projection map 
another short exact sequence of Z-modules 

^ Q/Z ^ M ^ Q 0. 



a(r, s) = (r, ar + s). So we have 

(4.1) 

^ Q/Z, so that we have 
(4.2) 
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4.1. Definition. We denote by the object of (^Ah[TL)) represented by the complex of length 1 

Q ^ M (4.3) 

where M is as above and 7 is the composition Q ^ Q/Z '-^ Af. (Q sits in degree and M in 
degree 1.) 

We set = Z= ® Q. 

4.2. Proposition. We have 

otherwise, 

{Z ifi = 
Z i/i = l 
otherwise. 

Proof. The first formulas are obvious in view of the definition of Z'^. For the next ones, we need: 

4.3. Lemma. i7*(Z, M) = for i > 0; t/iere is an exact sequence 

^ Q/Z ^ i7°(Z, Af) ^ Z ^ 0. 



Indeed, iJ^(Z, Af ) = since A/ is divisible, and the exact sequence (4.2) yields a long cohomology 
exact sequence 

^ iJ"(Z,Q/Z) ^ iJ"(Z,Af) F"(Z,Q) ^ ffi(Z,Q/Z) ^ H\Z,M) H\Z,Q). 

The definition of the action of Z on A/ shows that 6 is surjective, which gives the claim. 
To compute the hypercohomology of Z"^, we use lemma 4.3 and the long exact sequence 

^ H"(Z,Z'=) ^ ff°(Z,Q) ^ H"{±,M) m\Z,Z'') 

H\Z,Q) ^ H\Z,M) h2(Z,Z=) ^ 0. 

We have iJ*(Z, Q) = iJ'(Z, Af) = for i > and the map 

i/°(Z,Q) ^ H"{Z,M) 

sends Q onto the kernel Q/Z of the extension in lemma |4.3| . Hence the claims on ]HI*(Z, Z^). □ 
The canonical generator e of Hl^j^^(Z,Z) represented by the continuous homomorphism 

e : Z Z 

will play an important role in the sequel. We now use it to describe the boundary homomorphism 
associated to Z^: 

4.4. Proposition. Let d be the morphism defined by the exact triangle 

Z^Z'= ^ Q[-l] ^ Z[l] 



stemming from proposition J^.i. Then the diagram 

— ^ Z[l] 

1 4 

Q/Z[-l] — ^ Q/Z[0] 

commutes, where -e is cup-product by e, (5 is the Bockstein and the left vertical map is induced by 
the projection Q - 
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Proof. This follows from the two commutative diagrams of exact triangles 

Q[-l] = Q[-l] Q[-l] . Q/Z[-l] 



Q[0] > Q/Z[0] 

Q[0] M[0] 



Z[l] 

1 

Z-[l] 



Q/Z[0] 
M[0] 



1 

Q/m 



M[Q] 



Q/Z[0] 



and the fact that, by definition of M, the boundary map Q/Z[— 1] 
is given by cup-product by e. 



/Z[0] corresponding to M 
□ 



5. Corollary. 



Proof. Indeed, proposition 4.4 shows that d 



0. 



□ 



We can consider Z'^ as a complex of sheaves over SpecFp, by identifying G with Z by means of 
the absolute Frobenius. 

6. Theorem. Denote by Zi{n)'^^ (resp. ) the object Rn^'Li{n)^ (resp. RTT^,Qi{n)p ) of the 

derived category P+(A6(SpecFp)et), where tt : (SpecFp)^^ — > (SpecFp)ot is the natural projection. 
Then 

a) Mn)\w, = Qi/Mn)[-l] ifn^Q. 

b) Z,(0)[J^Z^®Zj. 

Proof. We first compute the cohomology sheaves of Z/(n)jp for n ^ 0. Let /c be a finite field of 
characteristic p. We note that the groups _ff"(/c, Z/Z''(n)) and H^{k.'L/l'^{n)) have order bounded 
independently of v. Using lemma 3.12| , it follows that 

i7,Vt(fc,Z;(n))==0 
Hl^^^{k,Zi{n)) is finite 
Hl^,ik,Zi{n)) ^ forg>l. 

It follows from this that Hl^^^^{k, = for all hence that Q/(7i)|j, = 0. We conclude by 

using lemma [2.2|. 



To prove b), we note that, after proposition 4.2, If®'L/l'^ ~ Z/Z'^[0] for all v > 1. From this 
we deduce a morphism Z'^ Z; ^ Z;(0)|j. out of the composite morphisms 

z'^® Z/ ^ z'^^z/r ^ z/r[o]. 

We claim that this morphism is an isomorphism. To see this, we note that it inserts into an 
exact triangle 

C->Z"®Z, -.Zj(0)[f^ ^C[l] 
where C = i?lim(Z'^ (g) Z;, ^). The claim now follows from 
7. Lemma. C = 0. 
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R lim 7®1 

Indeed, we shall show that the map i?lim(Q;,^) — — > i?lim(M ®'Li,l) is an isomorphism. 



We have evidently _Rlim(Q;, I) — Q;[0]- On the other hand, lemma O and a little bit of compu- 
tation show that 

H°(fc,i?lim(M®Z,,0) =Q; 
H«(fc,i?lim(M®Z;,/)) = forg>0 

for any finite extension fc/Fp, that is 

R^{M®1i,l)^Qi\Q]. 

To conclude, it suffices to notice that the map Q; [0] Qi [0] defined by 7 (8) 1 and the above 
computation is the inverse limit of the projections Qif^i (for multiplication by Z), hence the 

identity. □ 

4.8. Corollary. The canonical generator e of H^^^^^{¥p,'Zi) is the image of the canonical generator of 
M^{¥p,Z'^) (also denoted by e). The composition 

^ Q[-i] ^ Q1-1] 

is given by cup-product by e, where the left map is "projection onto " and the right one is 
"inclusion of H° ". □ 

5. COHOMOLOGY AND HOMOLOGY THEORIES 

Let fc be a field. We shall only need a basic concept of a "pure cohomology theory" : 

5.1. Definition. Let Sm/k denote the category of smooth fc-schemes of finite type, and let A be an 
abelian category. A pure cohomology theory with values in A is an assignment 

h = {h") : Ob{Sm/k) -> Ob{A^) 

such that, for any closed immersion Z ^ X of pure codimcnsion c of smooth schemes, with 
complementary open set U, there is a long exact sequence 

> h'-^%Z) ^ h'{X) ^ h'{U) ^ ^ 

b) h has transfers if, for any finite morphism f : Y ^ X in Sm/k, of pure degree d, there are maps 

h\X) ^ h\X), W{Y) ^ h\X) i e Z 
such that /, o /* is multiplication by d. 

5.2. Theorem. Let B be a thick subcategory of A. Let N > 0, and let h be a pure cohomology theory 
such that h*{X) G B for any smooth, projective X with dimX < N. 

a) Suppose charfc — 0. Then h*{X) G B for any X G Sm/k with dimX < N. 

b) Suppose charfc > 0. Then the conclusion still holds if h has transfers and A/B is a Q-linear 
category. 

Proof. Passing to the quotient category A/B, we reduce to i3 = 0. We show that h*{X) = for 
all equidimensional X G Sm/k by induction on n = dimX. The case n = follows from the 
assumption. Suppose n > and the claim known in dimensions < n. Let X G Sm/k of dimension 
n. We first prove that, for any proper closed subset of X, h*{X) h*{X — Z). Suppose first Z 
smooth. Then we get the result by purity and the induction hypothesis. In general, let Z' C Z he 
the singular locus of Z. If charfc = 0, then Z' ^ Z; if charfc > 0, then Z' ^ Z after a suitable 
finite radicial extension of fc, which is allowable in view of the additional hypotheses. Then Z \ Z' 
is smooth in X \ Z' . Writing X \ Z = (X \ Z') \ {Z \ Z'), we get h*{X \ Z') ^ h*{X \ Z). We 
conclude by Noetherian induction on Z . 

If charfc = 0, then, by resolution of singularities [|l5j, a suitable open subset of X embeds 
into a smooth, projective fc- variety and the proof is complete. If char fc > 0, then by de Jong's 
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theorem |2^, a suitable open subset of X is finite-covered by an open subset of a smooth, projective 
fc- variety. We now conclude by a transfer argument. □ 



We have the following variants of definition 5.1 and theorem 5.2 



5.3. Definition, a) Let A be an abelian category. A pure graded cohomology theory with values in A 
is a pure cohomology theory 

h — {hn)nGZ 

X^iKXX)):^ ih*iX,n)) 

with values in A^, satisfying the following condition: for (X, Z, U) as in definition |5.l| a), the exact 
sequences of loc. cit. split into exact sequences 

> h'-^^iZ^n-c) ^ h'{X,n) h\U,n) h^-^''+^ {Z , n - c) . . . 

c) h has transfers if all hn have transfers. 

5.4. Theorem. Let B he a thick subcategory of A. Let N > 0, n ^ "L and let h be a pure graded 
cohomology theory such that h^(X,m) £ B for all i < m < n and any smooth, projective X with 
dimX < d. 

a) Suppose charfc — 0. Then h^{X, m) e B for any i < m < n and any X G Sm/k with dimX < d. 

b) Suppose charfc > 0. Then the conclusion still holds if h has transfers and A/B is a Q-linear 
category. 



Proof. The same as that of theorem 5.2, noting that if i < m and c > 0, then i — 2c+1<to — c.D 



5.5. Definition. Let Sch/k be the category of schemes of finite type over k and A an abelian category. 

a) A homology theory with values in A is an assignment 

h = {hn)nez ■■ Ob{Sch/k) ^ Ob{A^) 

such that, for any closed immersion Z '-^ X with complementary open set U, there is a long exact 
sequence 

> h,{Z) -> h,{X) ^ h,{U) ^ . . . 

b) A homology theory h has transfers if, for any finite morphism f : Y ^ X in Sm/k, of pure 
degree d, there are maps 

h,{X) ^ h,{Y), h,{Y) i% h,{X), I e Z 
such that o /* is multiplication by d. 

5.6. Theorem. Let h be a homology theory with values in A, and let B be a thick subcategory of A such 
that hi{X) G B for all i < m for all smooth, projective X of dimension < N . 

a) Suppose charfc = 0. Then hi{X) G B for all i < m for all X G Sch/k of dimension < N. 

h) Suppose charfc > 0. Then the conclusion still holds if h has transfers and A/B is a Q-linear 

category. 

Proof. By induction on N, we have hi{X) — > hi{U) for any open subscheme U oi X and i < m. 
If charfc = 0, we can choose such an U smooth and embedded in a smooth, projective scheme of 
dimension N (by resolution of singularities If charfc > 0, the extra assumptions allow us 

to pass to a finite, radicial extension of fc if necessary. Then X gets a nonempty smooth open 
subscheme, and we can conclude as before, using de Jong's theorem H^. □ 
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6. Back to Zi{ny and Qi{ny 

In this section, we fix a prime number p ^ I and denote by S the category of smooth schemes 
of finite type over Fp. We consider the restriction of Zi{n)f^ and to S, considered as a 

subsite of the big etale site of SpecFp (the smooth big Stale site of SpecFp); for simphcity, we 
denote these objects by 1i{nY and Let G still denote the absolute Galois group of Fp. 

6.1. Proposition. Let X he a smooth, projective variety over Fp. Then, for n G Z, 

{0 ifij^ 2n, 2n + 1 

i/2"(X,Q,("))G ifi = 2n + l. 

Proof. By Deligne's proof of the Weil conjectures the eigenvalues of the Frobenius action on 
H'^{X, Qi) are algebraic integers whose infinite absolute values are all equal to q/2. The proposition 

□ 



then follows from proposition 3.13 



6.2. Corollary. Hi^^^{X, Zi{n)) and Hl^{X, Qi/Zi{n)) are finite for i ^ 2n, 2n + 1. 



Proof. The first claim follows from proposition and lemma 3.12| ; the second one follows from 



proposition 6.1, lemma 3.12 and the long exact sequence 

• • • ^ Hl,,,{X,Zi{n)) ^ H:,,,,{X,Qi{n)) ^ Hl,{X,Qi/Zi{n)) ^ Z;(n)) 



stemming from lemma p.2[ □ 
6.3. Theorem. Let tt be the projection of S onto the small etale site o/ SpecFp. Then the natural map 

is an isomorphism for n < 0. ('Li[nY is "locally constructible" . ) 

Proof. Let K{n) be the cone of a. We have to prove that H*{X,K{n)) = for any X <E S. By 
lemma ^.2| , Kin) has uniquely divisible cohomology sheaves. By theorem ^.7| (or rather its proof), 
X I— > H*{X, K{n)) therefore defines a pure graded cohomology theory with transfers with values 



in Q-vector spaces, in the sense of definition 5.3. (To see that it is pure, it is enough to see that 



the complexes of sheaves 7r*Q/(n)pp verify purity for n < 0, which is trivial from theorem |4.6| ). 
By theorem ^.2| b), it is enough to prove the claim for X smooth and projective. In this case, it 



follows immediately from proposition 6.1 and theorem 4.6. □ 
6.4. Corollary. Over S, we have 



Proof. This follows from corollary k. 3, theorem 4.6 and theorem 6.3 



Recall from section ^ the canonical generator e e H^^^^{¥p,Zi). Cup-product by e induces 
endomorphisms of degree 1 and square 

Zi{ny ^Ziinni]. (6.1) 

6.5. Proposition, (c/. p^ , prop. 6.5]) For any scheme X of finite type over Fp, the diagram 

Hl^,(X,Zi{n)r > Hl,,,(X,Ziin))G 



Hl^,{X,Un)) — ^ Hl+^.iX^Ziin)) 
commutes, where the top horizontal map is the natural one and the vertical maps come from the 
Hochs child- Serre spectral sequence. The same holds for continuous cohomology with proper supports 
and continuous homology. 
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Proof. This is an immediate consequence of the multipUcativity of the Hochschild-Serre spectral 
sequence (view e as an element of H^{¥p, H^^^^^^{X, Z()) C H^^^^{X, Z;)) and the following lemma: 

6.6. Lemma. Let A be a continuous G-module. Then the diagram 

H%G,A) — ^ H\G,A) 

> Ag 

commutes. Here, the bottom horizontal map is the composition A^ ^ A ^ Aq. 

Indeed, the right vertical isomorphism is induced by the map sending a continuous cocycle c 
to c{F). On the other hand, cup- product by e is defined at the level of cocycles by the formula 
{a ■ e){g) = e{g)a. □ 

Recall condition S" from ]49|| : 

6.7. Definition, a) Let G be a profinite group and A a topological G-module. We say that A is 
semi-simple at 1 if the composition 

c — ,A — ^Ag 

is bijective. 

b) Let fc be a field and X/k be smooth and projective. Let kg be a separable closure of k, 
Gk — Gal{ks/k), X = X ®k kg and n G Z. We say that X satisfies condition S^^X) if the 
topological Gfe-module is semi-simple at 1. 



6.8. Corollary. Let X be smooth, projective over ¥p. Then, condition S"'{X) is equivalent to the 

byectivity of QK")) ^ ^co"„t'(^, □ 

In the remainder of this section, we shall freely use the notion of a Q;-sheaf appearing in Deligne 
|6|; we refer to this article for a precise definition. 

6.9. Theorem. Let T be a Qi-sheaf over ¥p, pure of weight ni. Consider T as a <Qi-sheaf over the big 
etale site of¥p by pull-back. Then, 

a) For any smooth variety X/¥p and q > 0, H^^^^^^{X , T) is mixed of weights between m -\- q and 
m -\- 2q. 

b) For any variety X/¥p of dimension d and q > 0, Hl^^^.{X,T) is mixed of weights between 
m + 2q — 2d and m -\- 2q. 

c) If J-^ (^m) is entire, then for any X/¥p of dimension d and q > 0, H'^^^^.{X,T) is mixed of 
weights < 2m -\- 2d. 

In c), J-"^ denotes the dual of J- and "entire" means that the eigenvalues of the action of 
Frobenius are algebraic integers. 

Proof, a) The bound m + q follows from cor. 3.3.5]. To prove the other, we consider the graded 
pure cohomology theory with transfers (definition 5.3) 

h\X,n)=W^^^,(X,T{n)) 

with values in the category A of Qj-sheaves over ¥p. Let B be the thick subcategory consisting of 
sheaves of weights < m. We want to prove that h^{X, n) € B for i < n. By theorem 5.4, we reduce 
to the case where X is projective; then it follows from the main result of §. 

b) The proof should be along the same lines, but we could not find a suitable formalisation. 
Suppose first X smooth. By the known Z-cohomological dimension of X, we may assume q < 2d. 
Then the lower bound follows from a) since m -\- 2q — 2d < m -\- q. 

In general, we argue by induction on dimX. Recall [ p2| that an alteration is a proper morphism 
f : X' ^ X such that f~'^{U) ^ U is finite and flat for some nonempty open subset U of X. Let 
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f : X' ^ X he an alteration, with X' smooth over F^: it exists by Let U be the maximal 
open subset of X such that U' — f~^{U) is flat over U, and Z = X \ U (the "center" of the 
alteration). Set Z' = f~^{Z). So we have a diagram 



Z' 

'1 



X' 



U' 



•I 'i 



X 



u. 



We argue as in the proof of corollary 3.2. By proper base change, we have a commutative 
diagram of long exact sequences 

H'i(X,,rTu) 



■m-^,{z,T)^ 



i/,Vni(^', T)^H^{x,],Rr:f"*Tu')^m,^,{x', 



>Hl^,{Z',Ty 



By induction and the smooth case, the sheaves H^^^^.{X',!F), H^q^^{Z,T) and H^y^^{Z' , T) are 
all of weights < m + 2q. Therefore H'^{X,j\Rf"f"*!Fu') is of weights < m + 2q as well. On 
the other hand, since /" is finite and flat, there is a trace morphism Rfi'f"*J-u' — * whose 
composition on the left with the pull-back map is multiplication by deg/". Therefore H''{X,j\Tu) 
is of weights < m + 2q as well and finally H^^^^i^X, T) is of weights < m + 2g, as desired. For the 
lower bound we argue similarly, noting that m + 2((7 — 1) — 2 dim > m + 2g — 2d. 

c) If X is smooth, this follows from cor. 3.3.3] and Poincare duality (compare |2^, proof of 
th. 2]); in general, we proceed as in the proof of b). □ 



6.10. Corollary, a) The sheaf WiQiin)") is for i < n. 

b) For all X G Sch/¥p, the groups -ff*o„t(X, Z;(n)) are finite for i ^ [n, n H 
i ^ [n, 2n +1] if X is smooth. 

c) For all X G Sch/¥p, the groups H^^^^(X,Qi/'Z,i{n)) are finite for i ^ [n,n 
i ^ [n, 2n +1] if X is smooth. 



d + 1], and for 
- d + 1], and for 



Proof. This follows from theorem x9, applied to J- = Qi{n), proposition 3.13 and lemma [3.12| b) 



□ 



6.11. Definition. For d > 0, let Schd be the category of schemes of finite type of dimension < d over Fp 
and TTd : (SpecFp)^^ = {Sch/¥p)ct [Schdjct the projection of the big etale site of Fp over Schd 
provided with the etale topology. If C € I?((Spec Fp)gJ, we denote R{-Kd)*C simply by C\scha- 

6.12. Corollary. For n > d, Qi(n)fg^^^ = and 'Zi{n)^sch^ = Q; A ("-)[- !]• 
Proof. By theorem |6.9| c), applied to !F = Qi , for any X G Schd and any q > 0, H'^q^^{X, Qi{n)) is 



mixed of weights <2d — 2n. By proposition 3.13| , this implies that i?*Q,jt(X, Qi{n)) = for rt > d. 
The statement for 'Zi{nY follows from this by lemma 2.2. □ 



6.13. Corollary. For any X G Sch/¥p, one has H^°''\X, Qi{n)) = H*^„„t(X, Q/(n)) = for any n<0. 

Proof. If X is smooth, this follows from corollary |6. 12 and proposition |3.1l| c). In general, it follows 
from this, theorem |5.6| (for homology) and theorem 3.17| (for cohomology with proper supports). 

□ 



6.14. Corollary. Let f : X ^ U be a smooth, projective morphism of varieties over Fp. Let 5 = dim?7 
and d be the relative dimension of f . Then we have 

t{U, R^fi-^^^'^Qiin)) ^ for p + q < n,p + d < n,d + S < n or p + q>2n + l. 



^cont V 
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I.e. 



If U is smooth, this group vanishes for S + q < n as well. Finally, if f is "defined over ¥p ' 
X = Xq U with Xq smooth and projective over ¥p, it also vanishes for 2p + q < 2n. 

Proof. By Hard Lefschetz [|[ th. 4.1.1], smooth and proper base change and Deligne's degeneracy 
criterion for spectral sequences, the Leray spectral sequence degenerates at E2, hence the group 
Hl^^-^^{U, R'^fi-'"^'''Qi{n)) is a direct summand of Hp+'>{X, Qi{n)) (compare @, §4]). The vanishings 
for p + q < n and p + q > 2n + l then follow from corollary |6.10 . The vanishing for d + S < n follows 
from corollary |6.12 . The vanishing for p + d < n follows from Hard Lefschetz, which implies that 
R"^ fi'^^'^Qiin) ^ R'^'^^'^ fi'^^^^Qiin + d - q) (apply the incquahty p + q < n with these new values 
of p, q, n). For the bound 5 + <? < n, we note that the result of theorem 6.9 c) in the smooth case 
does not necessitate J- to be defined over Fp. Finally, the bound 2p-\- q <2n follows from theorem 
S.9 b), this time applied wit h T = H^^^^{Xo,Qi{n)), which is pure of weight q — 2n by the main 
result of js), and proposition 3.13 . □ 



6.15. Remark. This extends Jamison's inequalities in th. 1]: loc. cit. says that, for U a smooth 
curve over ¥p and X as above, H^^^^{^:l(U), i?«(X, Qi{n))) = whenever q+2 < n or q+2 > 2n+l. 

Since continuous etale cohomology acts by products on continuous etale cohomology with sup- 
ports and etale homology, for any X G Sch/¥p we have complexes 



H:-^,{X,Qi{n)) 



cont 

i-1 
c,cont 



H, 



Htlf{X,Qi{n)) 



cont(^,QiW) 

{XMi{n)) 



H. 



:+l,{X,Qi{n)) ^ 
K+l^,{X,Qi{n)y 
H^°T{X,Qt{n)) - 



(6.2) 



6.16. Theorem, a) If holds for any smooth, projective variety over¥p, then the last two complexes of 
( ^.2| ) are acyclic for any X G Sch/¥p, and the first one is acyclic for X smooth of pure dimension 
d of one replaces n by d ~ n. 

h) If holds for n < d and any smooth, projective variety of dimension < d, then the first complex 
of (|6.2|) is acyclic for n < d and any X G Schd. 



it ion |6.1| and 
position |3.11 



Proof, a) First assume that X is smooth projective. Then the first sequence of (6.2) is exact by 
proposition |6.1| and corollary 6.8; so is the second one by lemma |3.10| and so is also the third one 



c) and theorem 3.17 



by propositio 

In general, we first deal with continuous homology. Let X e Sch/¥p, Z a closed subset and 
U the open complement. Proposition 3.11 a) and a little inductive argument involving a big 
diagram chase shows that, if theorem 6.16 holds for two among X, Z, U, then it holds for the third. 
Moreover, if / : t/' ^ C/ is a finite and flat morphism and theorem 6.16 holds for U' , then it 
holds for J7 by a transfer argument. An argument as in the proof of theorem 5.6 now yields the 
conclusion. 



The case of cohomology with proper supports follows from this and theorem 3.17; the case of 



cohomology for X smooth follows from this and proposition 3.11 c). 

For the sake of the proof of b), we note that the above argument works if we restrict to varieties 
of dimension < d for some d. 

b) By a) and the assumption, the first sequence of ( |6.2|) is exact for any X smooth of dimension 
< d. For an arbitrary X of dimension < d, we can argue as in the proof of theorem |6.9| b) , using 
the ideas in the second paragraph of the proof of a). □ 



6.17. Corollary. If S"' holds for any smooth, projective variety over ¥p, then, for any X £ Sch/¥p and 
any i G Z, ^^^^^{X ,Qi{n)) and IIf°'^^{X ,Qi{n)) are semi-simple at 1. If S"^ holds for all n < d 
and all smooth, projective varieties of dimension < d, then H^^^^{X ,Qi{n)) is also semi-simple at 
1 for all n < d and X G Schd . 



Proof. This follows from theorem 3.16 and proposition 



□ 
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6.18. Remark. One should compare this with [|T8[ th. 12.7], where a similar result is proven with heavier 
assumptions. 

7. Values of the zeta function 
In this section, we generalise the /-primary part of p^ , th. 0.1] to arbitrary varieties. 

7.1. Definition, a) Let u : A ^ B he a homomorphism of Z(-modules with finite kernel and cokernel. 
The index of u is 

. ^ |KerM| 

md u) = — — r. 

I Cokeruj 

b) Let C be a bounded cochain complex of Z;-modules with finite cohomology groups. We set 

x{C)^l[\H\C)\^-^y. 

Note that a) is a special case of b). 

Let X £ Sch/Vp of dimension d and Ci^i be its zeta function. By |5^, expose XV], we have 
C(X,s) = where 

2d 

Z(V, i) = n det(l - tF\Hl{X, Q/))(-i)'^' (7.1) 

where F denotes the geometric Frobenius acting on the Q;-adic cohomology with proper supports 
of V := V ®¥p IFpQ- In this section, we shall prove: 

7.2. Theorem. Let ri(n) = dimQ, Q;(n)) andai{n) be the order of the zero of det{l— tF\H ^{X , Qi j) 
at t = p^". Assume that S'^{X) holds for any smooth, projective X/¥p (cf. definition 6/}). Then, 
for any X £ Sch/¥p and i > 0: 

a) a,{n) = ri{n) - r,^i{n) + . . . 

b) Let dct{l-tF\Hl{X,Qi)) = {1 - p'^t)"''-"'^ f,{t). Then 

= \indiHl(X,Mn)f ^ W^(X,Ziin))G)\;' 
where \\i is the l-adic absolute value. 



7.3. Remark. Condition 5*" is necessary in theorem 7.2, as is easily seen from the special case where 
X is smooth and projective. 



Proof, a) The statement is clear from corollaries 6.17 and 3.14. The proof of b) will be divided 
into a series of lemmas. 

7.4. Lemma, a) Let — > C ~f C — > C" be a short exact sequence of complexes satisfying the 
assumption of definitional^ b). Then 

x{c) = x{c')x{c"). 

b) Let A ^ B ^ C be a chain of l^i-homomorphisms such that u and v have finite kernel and 
cokernel. Then 

ind(w o u) — ind(w)ind(u). 
Proof, a) is classical; b) follows from the exact sequence 

Kerw —^ Kervw Kerz; — > Cokeru Cokertiu —> Cokerz; —>■ 0. 

□ 



7.5. Lemma. If A ~ B in definition 7.1, then ]ind(u)]; = |det(u®Q;) 



^Throughout this section, we drop the index cont from continuous cohomology groups, since we shall not consider 
any other cohomology. 
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Proof. Lemma 7.4 a) shows that, ii A' C A is stable under u, we have 

ind(u) — ind(u|^/)ind(u) 

where u is the induced endomorphism of A/A' . Therefore we reduce to the cases where A is finite 
or torsion-free. In the first case, the claim is clear in view of the exact sequence 

O^Keiu^ A^ A^ Cokeru 0. 

In the second case, it follows e.g. from M, ch. Ill, prop. 2]. □ 



7.6. Lemma. Under S", we have det(l - tF\Hi{X,Qi)) = (1 - p"i)'''(")/i(t), with 



\Mp-n\i 



ind 



Hl{X,Zi{n)) i-F HliX.'Liin)) 



HliX.'Liin))^ 



H^^{X,Ziin)Y 



Proof. For simplicity, set H = — .'^^ The claim follows from lemma 7.5| and the exact 



sequence of G-modules 



Hl{X,Zi{n)f 



^ HliX,Zi{n)f ^ Hl{X,Zi{n)) ^ H ^ 0. 



(7.2) 



□ 



Theorem [zj b) now follows from lemma 7.6 by taking the cohomology of (7.2), which gives an 
exact sequence 

^ ^ Hl(X,Zi{n)f ^ Hl(X,Zi{n))G Ha ^ 0. 



□ 



We shall need the following corollary in section ^: 
7.7. Corollary. With notation as in theorem \7.<^ we also have 

|/,(p-")|, = \md{H,(X,Q,/Mr^)f ^ H,(^,Qi/Mn))G)\r 
If X is smooth of pure dimension d, we have 

|/,(p-")|z = \inA{H^^'-\XMilMd-n)f ^ H^''-\XMl|Md-n))G)\l■ 
Proof. The first formula follows from the duality between Hl{X, 'Li{n)) and Hi{X, Q;/Z/(n)), while 
the second one follows from the isomorphism between etale homology and etale cohomology for 
smooth varieties. □ 



7.8. Theorem. With assumptions and notation as in theorem |7.^ , we have 

a) a{n) :— ords=nC(-'^: s) — ^iyoi—^Y^^ C^d + 1 — i)ri{n), where d — dimX. 

b) LetCiX,s) (1 -p"-^)''(")v3(s). Then 



Mn)\i^\x{H:{X,Zi{n)),e)\, 
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Proof, a) follows immediately from theorem 7.2 a), b) follows from theorem 7.2 b) and a little 
diagram chase in the commutative diagram of exact sequences (see proposition 6.5) 





W-\X,Zi{n))^ 



Hl-\X,'Li{n))c 



Hl+\X,Un)Y 



7.9. Corollary. With assumptions and notation as in theorem 7.8, we have 



\^{n)\ 



n \Hl{X,'Li)tors\^-^^\ (Hl{X,Zi{n)),e) 

i>0 



where H^{X,Zi{n)) = Z;(n))/tors and e is the induced homomorphism. 



Proof. This follows from theorem [7^ and lemma 7.4 a) 



□ 



□ 



7.10. Corollary. Keep assumptions and notation as in corollary 7.L Assume X smooth and projective. 
Let Rn{X) be the determinant of the pairing 



-2n , 



-2d-2n , 



-2d, 



with respect to any bases of H (X,'Zi{n)) and H {X,Zi{d — (this is well-defined up to a 



H^'\X,Zi{n)) X H""^ ^'\X,Zi{d-n)) ^ Z,(d)) H'^'^{X,Zi{d)) ~ 

pect to any 
unit of 111). Then 



n \H\X,Un))\(-'y \H'^X,Mn)Us\ 



i^2n,2n+l 

Proof. We have a commutative diagram 
7r^{X,Zi{n)) 



Zi{n))tors\Rn{X) 



ir,^\x,Zi{n)) 



Hom(H''-''\X,Ziid~n)),H'') J1^!!I!^ Hom(H''-''\X,Ziid - n)),H''+') 

where H^'^ and H^'^^^ respectively stand for H^'^{X,Zi{d)) and H^'^+\X,Zi{d)) (in order for the 
diagram to fit in the page). By lemma 7^, we have |ind(a)|i — \Rn{X)^^\i and /3 is an isomorphism 

-2d e -p=2(i+l . 



by theorem 3.17, hence ind(/3) = 1. Finally, H — > H is also an isomorphism by proposition 
3.5. Applying lemma 7.4 b) once again, we get 

|ind(e)|j = \RniX)-'\i 

and the result now follows from corollary |7.9|. □ 



Corollary 7.10 is a variant of p3, th. 0.1]. 
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8. The conjecture 

In this section and the next one, it wiU be occasionaUy convenient to use the foUowing definition: 

8.1. Definition. For any integer d > 0, we denote by Sd the fuU subcategory of Sm/¥p formed of 
smooth varieties of dimension < d; we consider Sd as a subsite of Sm/¥p (for the etale or Zariski 
topology). 

8.1. Milnor's A'-theory. For any commutative ring R, denote by K^\R) the group defined by 
generators and relations as in the case of a field (to be on the safe side, include the relation 
{x^—x} = 0). The Zariski sheaf JCf-J associated to the presheaf Speci? ^ K^\R) is called the 
sheaf of Milnor K -groups: it is a sheaf on the big Zariski site of SpecZ. We have 

8.2. Theorem. Suppose X is a smooth variety over a field k. Then 
a) There is a complex of Zariski sheaves over X : 

0->/Cf ^ [] (^.).Xf (fc(a;)) ^ [] (^.).<^(fc(a;)) ^ . . . 

which is exact, except perhaps at /C*^, where its kernel is killed by (n — 1)!. Here X'^p^ denotes 
the set of points of X of codimension p, i^ : {x} ^ X is the natural immersion and K^^{k{x)) is 
considered as a constant sheaf on xzar- In particular the sequence 

H (z,),iff (A;(x))®Q^ ]J {i,),K^L,{k{x)) (g, Q ^ . . . 



is exact, 
b) We have 




for p > n 
for p — n. 



Proof, a) The complex was defined by Kato By Rost th. 6.1], it is acyclic, except 

perhaps at JCf/ and ]Jj.^x(°'>i''-x)*Kn i^^i^))- By a result of Gabber (unpublished), it is exact at 
]lxexwi''-x)*I^n^ (f^i^)) well. Finally, JC^ maps to the sheaf /C„ of algebraic iC-groups with 
kernel killed by (n - 1)!, by results of Suslin @ and Guin 0. The claim on Kei{JC^ 
]J^g^(o) (ia;)*Ar^^(fc(x))) follows from this and Gersten's conjecture for the algebraic A'-theory of 



X (Quillen |37, th. 7.5.11]). The statement after tensoring by Q, hence b), readily follow. □ 



8.3. Remark. If one is interested only in /C*^ (X)Q, one can get another proof of a) by using the fact that 
this complex is the weight n-part for the Adams operations of the corresponding Gersten complex 
for algebraic AT-theory, cf. Ej]. Moreover, b) holds without tensoring by Q for n = dimX, see 
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8.4. Corollary. Let k be afield and f :Y ^ X a finite fiat morphism of smooth k-schemes, of constant 
separable degree d. Then there exists a morphism 

Try :/,/Cf ®Q^/Cf ®Q 

whose left composition with the natural morphism IC^^ ® Q ^ f*^n is multiplication by d. If 

g : Z ^ Y is another such morphism, we have 



Trjog = Trj o /^Tr 



9- 



Proof. This follows from the result in the case of a finite field extension (Bass- Tate [|l|, §5], Kato 



25, prop. 5]) and theorem S.2 b). One should use 123, lemma 16], which implies that the Milnor 



AT-theory transfer is compatible with the Gersten resolution of theorem B.2 a). □ 
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8.5. Corollary. Let (X, Z) he a smooth pair of codimension c of k-schemes, where k is a field, and 
i : Z ^ X the corresponding closed immersion. Then 

i?*'(Ox®Q^(/Cf_Jz®Q[-c]. 



Proof. Applying the functor i' to the flasque resolution of {JCn)x ® Q given by theorem 8.2 a), we 
get the corresponding resolution of {lC^_^)z ® Q shifted by c to the right. □ 

8.6. Corollary. If k is a field, the map over the big smooth Zariski site of Speck 

is an isomorphism, where a is the projection of the big Stale site onto the big Zariski site. 

Proof Over the smaU Zariski site of Spec k, we have (i?«a*a*/C*^(g)Q)(A:) = i7«(fc, K^^{ks)®Q) = 
for g > and /C^(/c)(g)Q ^ ia.,a*JCff (E)Q){k) = {K:^ {k,)'^Q)^>' by a transfer argument, where ks 
is a separable closure of k and Gk = Gal{ks/k). Over the small etale site of a smooth fc-scheme X, 
the isomorphism of corollary |8.6| follows from this (applied to all residue fields of X) and theorem 
a). □ 



3.2 



Corollary |^ implies that the map 

i/Lr(^, /C„) ® Q ^ HUX, JCn) ® Q 

is an isomorphism for all i, n; we shall take this opportunity to write both groups H^{X, AC„) ® Q. 

8.7. Corollary. If k is a field, over the big smooth Zariski site of Speck, we have 

where tt is the projection — > Speck. 

Proof This follows from [|| prop. 8.6]. □ 

8.2. /C*^-homology. Let Z be an excellent scheme. For all ti S Z, we denote by Mn.z the (chain) 
complex of Zariski sheaves 

defined by Kato Since its terms are flasque, its hypercohomology is computed by the coho- 
mology of its global sections^. In other terms, 

U^l^{Z,Mn,z) = A,{Z,K^',n) 

where the right hand group is the one defined in p8| , §5]. For the purpose of future compatibility 
with etale homology (see subsection 3.4), we set: 

8.8. Definition. Hi{Z,lCn) =^zlAZ,M-n.z)- 

We collect in the following proposition some properties of /C^^-homology. 

8.9. Proposition, a) If X is smooth over a field of pure dimension d, one has a quasi- isomorphism 

In particular, 

H,{X, /Cf ) ® Q Hi;;{X, ICf_J ® Q. 

b) Let i : Z ^ Y be a closed immersion. One has 

Ri-Mnx = Mn,z- (8.1) 

c) The assignment Z Mn.z is covariant for proper morphisms and contravariant for flat, 
equidimensional morphisms of schemes of finite type over a field. 



■^Recall that the hypercohomology of a chain complex d is the hypercohomology of the cochain complex C" 
defined by = C_i. 
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Proof, a) follows from theorem 8.2; b) is obvious and c) follows from |^8[ (4.5)]. □ 
8.3. The conjecture. For n ~ 1, a*IC^^ — G,n', the Kummer exact sequences 

1 ^ /i;- ^ ^1 >1) 

induce a "Kummer" morphism 

G,„[0] ->Z,(1)=[1] 
in the derived category, and in particular a morphism of sheaves 

We denote by r i-^ (r) the induced morphism R* H^^^^{Spec R,'Zi{l)) for any ring R con- 
taining l/l. 

8.10. Proposition, a) The morphism ui and cup-product define morphisms 



b) u „ is compatible with the transfer of corollary S.4 and the direct image morphism of theorem 



3. 1 in continuous Stale cohomology. 



Proof, a) It is enough to show that, for any affine scheme U = Speci? and any r ^ R*, the 
cup-product 

(r)-(l-r) 

is in H^^^^{U,Zi{2)). To do this we just mimic Tate's classical argument th. 3.1]. We use 
the etale covering Ui = Spec Ri, with i?i ~ R[t]/ {t^ — r), noting that, if ri is the image of t in i?i, 
r\ — r and -/V_Ri/_r(1 — ri) = 1 — r, hence 

(r) • (1 - r) = (r) • - n) = (r) • (1 ~ n)) = //.((n ■ (1 - n)) 

where / is the projection Ui U . This shows that (r) • (1 — r) is contained in a divisible subgroup 
of Hl^^^{U, Z;(2)); by 0, (4.9)], we conclude that (r) • (1 - r) = 0. 

b) This follows from theorem 3.8 and the construction of the transfer on the Milnor iiT-sheaves 
(corollary ^!4|). □ 

By corollary 3.1C| a), the morphism of proposition S.IO tensored with Q defines a morphism 
Tensoring this with Q;(0)'^ and using the pairing 

{cf. (p^)), we get a morphism in 2?+(A6(SpecFp)g^) 

Qi{Or^a*IC^'[-n]^Qi{ny. (8.2) 



Let X be a smooth variety. Applying H?^{X, — ) to ( |8.2| ) we get a map 

H^,iX, a*/Cf ) ®Qi^ Hl:^t{X. Qi{n)). 

By theorem ^.2| b) and corollary the left hand side is isomorphic to CH^{X) ® Q;, hence 
we get a map 

8.11. Lemma. This map is the l-adic cycle map of p7|, (6.14)] tensored with Q. 

Proof. In view of the way the cycle class is defined ([|5[ cycle 2.2.8], (3.23)]), we reduce to 



n 



= 1, in which case the result is trivial. □ 



8.12. Conjecture. The restriction of (8.2) to the smooth big etale site is an isomorphism. 
Conjecture 8.12| is trivially true for n — 0. In more concrete terms, it implies: 
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8.13. Proposition. If conjecture 8.1i holds, then there is an exact triangle 
/n particular, for any X E S , there is a long exact sequence 



Proof. This follows from lemma 2.2, corollary 6.4 and corollary 3.6 



□ 



8.14. Remark. Conjecture 8.12 extended to all of Sch/¥p is false. For example, continuous etale coho- 
mology is homotopy invariant on Sch/¥p, while /C*^-cohomology is not. See subsection 3.4 for a 
homological formulation. 



8.15. Proposition. Suppose conjecture 8.1i holds. Then, for any smooth, projective variety X/¥p, 

• W{X, K.^^) is torsion for i < n. 

• The cycle map CH^{X) (g) Q; is an isomorphism. 

• Cup-product by e: H^^^^{X,Qi{n)) — > H^^^'^^{X,Qi{n)) is an isomorphism. 



Proof. The first two claims directly follow from proposition 6.1 and lemma 3.11, The last one 

L 

follows from the same (obvious) fact with Qi{nY replaced by Q;(0)'^ (g) a*/C* [— n] (c/. corollary 

0|). □ 



8.16. Corollary. Conjecture 8.1i implies the Tate conjecture in codimension n, the equality of rational 
and homological equivalences and condition S"{X) for any smooth, projective variety X over ¥p. 



Proof. Follows from proposition 8.15, proposition |6.l| and corollary 6.8 



□ 



Conversely: 



8.17. Theorem. Suppose that the Tate conjecture in codimension n, the equality of rational and homo- 
logical equivalences and condition S^^( X) ho ld for n < d and any smooth, projecti ve va riety X over 
¥p of dimension < d. Then conjecture [($._? I holds for n < d on Sd (see definition 8.1). 



Proof. Fix n < d. Let K{n) be the cone of (8.2): we need to show that the restriction of K{n) 
to Sd is 0. We note that X i-^ H*{X,K{n)) defines (for varying n) a graded pure cohomology 
theory with transfers with values in Q- vector spaces in the sense of definition 5.3: this follows 
from theorem 3.4, corollary 8.5 and proposition ^.10 b). Applying theorem 5.2 b), we see that it 
is enough to prove that M*{X, (3.2)) is an isomorphism for any smooth, projective variety X of 
dimension < d. By the above arguments, the only thing which is left to prove is the vanishing of 
H'{X,IC^)(g>Qbr i < n. 

For this, we observe that the assumptions imply that numerical and homological equivalences 
agree over X ([^, prop. 8.4], (2.6)]|. Therefore, the category of Chow motives of dimension 
< d over ¥p is abelian and semi-simple [|2^ and we can apply the Soule-Geisser argument , [|l^, 
proof of th. 3.3 b)]. We have to prove that, for any simple motive M of dimension < d, we have 



H\M, IC: 



for i < n and n < d. 



Suppose first that M is the Lefschetz motive L". Then M is a direct summand of PJJ and 
one sees easily that the conclusion is valid. Suppose now that M ^ L". Let P be the minimum 
polynomial of the geometric Frobenius Fm of M , viewed as an element of the (finite dimensional 
Q-algebra) End{M). By th. 2.8], we have P(p'") ^ 0. On the other hand, Fm acts on 
H'{M,IC^f) Q by multiphcation by p" ^ prop. 2 (iv)]. So iJ^(M,/Cf ) Q is killed by 
multiplication by a nonzero rational number, and therefore is 0. □ 



In the opposite direction: 
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8.18. Theorem. Conjecture 8.1i holds ij and only if, for any finitely generated field F of characteristic 
P, 

A„ if I ^ n,n + 1. 



Proof. Necessity is clear. For sufficiency, let K(n) be as in the proof of theorem 8.17|. The functor 
{X,Z) 1-^ H'^{X,K{n)) defines a cohomology theory with supports in the sense of^ def. 5.1.1], 
which verifies axioms COHl (etale excision), C0H3 (homotopy invariance) and C0H6 (transfers) 
of loc. cit., 5.1, 5.3 and 6.2. By loc. cit., theorem 6.2.5, for any local ring i? of a smooth variety 
over Fp, with field of fractions F, the map 

H*{R,K{n)) H*{F,K{n)) 

is injective. This concludes the proof. □ 



We now give some further consequences of conjecture ^.12 



8.19. Proposition. If conjecture S.li holds, then, for all X G S, H*^^^{X,'Li{n)) carries a canonical 
(i.e. independent of I) integral structure. 

Proof. Consider the morphism 

QKO)^®«*-*C,f [-n] ^Q,/Z,(n)[0] 

obtained by composing (^.2[ ) with the morphism Q;(?t,)'^ — > Q;/Z;(n)[0]. Writing Qi/Zi{n) as a 
direct summand of (Q/Z)'(n) :— Ui^pQif^iin), it factors as 

QKO)^ ® a*/Cf [-n] ^ (Q/Z)'(n)[0] ^ Qz/Z,(n)[0]. 



Let Q'^ be as in definition 4.1. The way (S.2) is defined show that the composite morphism 

® a*/Cf [-n] A QiiOr a*/Cf [-n] ^ (Q/Z)'(n)[0] 

does not depend on I ^ p. If we denote by C the fibre of this morphism, then conjecture 8.12| says 
that there is an isomorphism 



Zi(n) 



Zi C. 



□ 



8.20. Proposition. Suppose conjecture 8.1i holds. Let X be a smooth variety. Then 
a) We have canonical isomorphisms for all i ^1: 

h:^^,{X, Qi{n)) ^ W^-JiX, /Cf ) ® © H^z~.r\X, /Cf ) Qi. 

h) Under this decomposition of Hl^^^^(X,Qi(n)), cup-product by e has matrix 

'0 Id 
,0 



Proof, a) is clear from the exact sequence in proposition 8.13; b) follows immediately from a). □ 

8.21. Remark. We recover the conclusion of theorem 3.16| in a more concrete way. 

8.22. Corollary. If conjecture 8.1^ holds, then the Qi-adic cycle map of (6-14)] 



CH-iX)®Qi^H^^^,iX,Qiin)) 
is injective for any smooth variety X over ¥p, and the composition 

CH"{X)®Qi ^ H^:^,{X,Qi{n)) ^ H'^:+\X,Qi{n)) 

is bijective. 



□ 
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8.23. Corollary. Conjecture \8.1^ implies the existence of Beilinson's conjectural filtration in its weak 
form (cf. conj. 2.1]) on CH"{X) for any smooth, projective variety X over a field F of 

characteristic p. 



Proof. We may assume F finitely generated. The proof is tfien a variant of |21, lemma 2.7], by 
applying corollary B.22 to a extension of X to a smooth, projective scheme over a smooth model of 
F over Fp (in other words, we use H^^^^{X/¥p,Qi{n)) instead of H^^^^{X,Qi{n)) as in loc. cit.).U 



8.24. Corollary. Assume conjecture S.li. Then, for any smooth variety X and any i, the composition 



is an isomorphism. 



Proof. This follows from propositions 8.20 and 3.5. 



□ 



8.25. Remark. Corollary S.24 extends the Tate conjecture. 

8.26. Corollary. For any smooth variety X over¥p, let di(n) = dimQ, Hl^^^{X,Qi{n)). Assume con- 
jecture Then, for all i < n, W{X, /Cf ) is a finite- dimensional vector space of dimension 
di+n{n) - di+n-i{n) + 

Proof. This is clear from corollary 8.24| and proposition 3.14. □ 

8.27. Corollary. Assume conjecture 8.1i. Let X/¥p he smooth of pure dimension d. Then, with notation 
as in dO), the order of det{l - tF\Hl(X,Qi)) at t ^ p''-'^ is dimQ /Cf ) ® Q. 



Proof. Since conjecture 8.12 impHes condition S'^{X), this order equals dimQ, Hl{X, Qi{d — n))^ — 
dimQ, Hl{X, Qi(d — n))G. Since X is smooth, by (geometric) Poincare duality, there is an isomor- 
phism 

Hl(X,Qiid^n))G ^ {H'''-'(X,Qi{n)fr. 



The claim now follows from corollary 8.24. 



□ 



8.28. Corollary. // conjecture 8.1i holds for all n > 0, then 

(i) For X smooth projective over ¥p, Ki{X) is torsion for i > (Parshin's conjecture) . 



(ii) For X smooth over ¥p, there are isomorphisms for i, n > 



if,(x)(;' ~i7"-^(x,/c„) 



M\ 



(iii) The Beilinson-Soule conjecture holds rationally: for any smooth X, Ki{X)^f^^ ^ for i > 2n. 

(iv) The Bass conjecture holds rationally: for any smooth variety X overWp, the groups Ki{X)(^Q 
are finite dimensional vector spaces. 

(v) For any field F of characteristic p and any n > 0, the map K^\F) ® Q ^ Kn{F) ® Q is an 
isomorphism. 



Proof, (i) follows from corollary g.l6 and Geisser's theorem |10|, th. 3.3 b)]. (ii) also follows from 
results of Geisser ||l0|, th. 3.4 (ii) and cor. 3.6]. This implies (iii) trivially, and (iv) follows from 
(ii) and corollary 8.26 Finally, (v) also follows from fl^, th. 3.4 (ii)]. □ 



8.29. Corollary. Assume conjecture S.li. If X/¥p is smooth affine of dimension d, then H^(X,)C. 
torsion for i > d — n. In particular, CII^{X) is torsion if d < 2n. 



Proof. This follows from proposition 8.20 a), theorem 3.6 and the cohomological dimension of affine 
schemes jsj, expose XIX]. □ 

8.30. Corollary. (Bass- Tate conjecture, cf. question p. 390]) // conjecture 8.1i holds in weight n, 
then K^^{F) (g) Q = for any extension F of¥p, of transcendence degree < n. 



TATE CONJECTURE 



33 



Proof. We may assume F finitely generated; then this follows from corollary B.2£ (or from corollary 
02|). □ 



8.31. Remarks. 

1. The bound is sharp by j^, prop . 5.1 0], 

2. This also follows from corollary i.lt and Geisser's theorem th. 3.4], but the above reason 
seems more enlightening. 

8.32. Theorem. Let F be a field of characteristic p and let Xp he a smooth, projective variety of 
dimension d over F. 



a) Conjecture 8.1i in weight n implies the Tate conjecture in codimension n and condition 5" for 
Xp. 



b) If Conjecture S.li holds for n < d, it implies the algebraicity of the Kiinneth components of 
the diagonal, Hard Lefschetz for cycles modulo numerical equivalence and the strong version of 
Bcilinson's conjectural filtration (cf. strong conj. 2.1]j on all Chow groups of Xp. 



Proof, a) As in the proof of corollary 8.23, we assume F finitely generated over Fp and extend Xp 
to a smooth, projective morphism 

f-X^U 

over a smooth model U of F. We have the Leray spectral sequence for Z-adic cohomology (/-adic 
sheaves) 

El'' = i?eVt(C/, R^fi-^^'-Qiin)) ^ Hl+:,{X, Qi{n)). (8.3) 

As seen in th e proof of corollary |6.14 , this spectral sequence degenerates aX E2 0. Using 
proposition 8.20, we therefore get a commutative diagram 



J^Za"r' {X, /Cf H--^' {X, /Cf ) ® % 



H, 



Zar (^,/Cf )®Q,©CiJ"(X). 

p-product by e map 

CH''{X)®Qi 



{X,%{n)) 

•e 

Hl^^,{X,Qi{n)) 



p+q=2n ^2 



■A ^ 

®p+q=2n ^2 



Here, cup-product by e maps E2 ^''^ to £'2'^- We therefore get an isomorphism 



E^'ye-Er''' 

p-\-q—2n 

In particular, the right hand side surjects onto 

7nO,2n ,-j-O /Tf r,2n fl-adic/n ( „\\ _ TT2n 



EV" = ffcVt(^,fi""7:-^"^Q^(")) - m:^,{x,Qi{n)Y^(^\ 

Passing to the limit over U , we get the Tate conjecture and some information in passing on the 
conjectural filtration. 



As for S'^{Xp), the degeneration of the spectral sequence, lemma 16 and theorem 3.16 yield a 
commutative diagram 



H^,,,,{U,R^-ft^<''^Qi{n)) 



in which the right vertical map is injective. Here U — U ^p- This yields 

iJ,Vt(^, R''" ft-^''''Qi{n)f ^ H^ontiU, R'Vi-^''''Qiin))G. (8.5) 
On the other hand, by cor. 3.4.13], the 7ri([/)-module i?^"/^"^'*"^Q/(n) is semi-simple, hence 
H^,^,(U, R^-ft-^'^Qiin)) = i?2"/:-^^'^Qz(n)-^(^) ^ i?'"/^''^Q/(")^, m) (8-6) 
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and then (B^) and (p.6[) yield 



Passing back to the generic fibre, we get 5'"(Xi?). 

b) The algebraicity of the Kiinneth components foUows from §3]. We prove the assertion 
on Hard Lefschetz, since we didn't trace a proof in the hterature. We first note that a) and | |49| , 
prop. 2.6] imply that homological equivalence equals numerical equivalence on Xp. Let h be 
the cycle class of a hyperplane section of Xp (relative to some projective embedding), and let us 
denote by A"'{Xp) the group of cycles of codimension n on Xp modulo numerical equivalence. Let 
d = dimXj;-. We have to show that, for all n < d/2, the product by /I'^^^n 



,A'^-'\Xp) 



is bijective. By the Tate conjecture and the equality of homological and numerical equivalences, 
this translates as the bijectivity of 



H'^iXp,Qiin))' 



^ H 



2d-2n 



iXp,Qi{d~n))^ 



By the geometric Hard Lefschetz, this map is injective. On the other hand, Poincare duality 
gives an isomorphism 

H^'\Xp, Qi{n)f- ^ HomiH^^-^"(Xp,Qi{d - n))G,,Qi). 

Hence the two Qz-vector spaces H'^''(Xp,Qi{n))'^'' and H'^'^-'^''(Xp,Qi{d ~ n))Gp have the 
same dimension. BntdimH^'^-^''(Xp,Qi{d-n))Gp ^ dimH'^'^-'^'^(Xp,Qi{d - n))^" hy S"{Xp) 
and cup-product by /i'^"^" must be bijective. 

The strong form of Beilinson's conjecture follows from this, corollary 8.23 and lemma 2.2]. 



□ 



8.33. Corollary. With notation as in theorem 8. Si and under the assumptions of theorem 8. Si b), 

"1, 1.4] holds for Xp. 



Murre's conjecture 
Proof. This follows from theorem |^b) and [|l], th. 5.2]. 



□ 



8.34. Remarks. 

1. Using iJ^^^nl^X, yields a different presentation of the fihration on CH'^{Xp) ® Qi. 

2. One can mimic the proof of ]^ , lemma 3.1], thereby obtaining extra information on the 
direct limit of the spectral sequences ( |8.3| ) and a direct proof of the strong form of Beilinson's 
filtration conjecture. More precisely we note that, for ([/, /, X) be as in the proof of theorem 

.32|, when U shrinks to smaller and smaller neighbourhoods of Spec F, the spectral sequences 



3) have a direct limit 



= HP,^,{F/¥p,H''{XpM{n))) HP+^,{Xp/¥pM{n)) 
which degenerates and only depends on Xp. 



(8.7) 



8.35. Corollary. Let F,Xp be as in theorem 8. Si , and let 5 

all n < d, then, in the spectral sequence ( ^.7| ), 

(i) E'j — for p + q<n, p + d<n, S + q < n, d + d < n or p > n + 1 



trdeg(i^/Fp). If conjecture 8.1i holds for 



(ii) For all q, E!^'"^ 
Moreover, if X is defined over a finite field, then £'2 '"^ = for 2p + q < 2n. 



E^^^'"^ is surjective. 



Proof. All inequalities of (i), except the last one, and the last statement follow from corollary 6.14. 
For the last inequality of (i) and for (ii), let us write more precisely E2''^{n) in order to keep track 
of the Tate twist n. By Hard Lefschetz for /-adic cohomology, we have an isomorphism 

* V,2d—q 



El^\n) 



El^- 



\n + d-q). 
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The right hand side group is a direct summand of i^cont'* "^(Xf /Fp, Qi{n + d ~ q)); under 
(for d — n), this group is for p > n+1 by proposition 8.2C a). On the other hand, 



conjecture |8.12 
by proposition 



B.20 b), cup-product by e 



H:+l'-\XF/¥,,Qi{n + d 



H. 



n+2d-q+l 
cont 



{XF/¥p,Qi{n + d-q)) 



is surjective, which proves the second assertion of coroUary ^.35 . 



□ 



We use this to get much more precise information on the conjectural Beihnson fihration, not 
only on Chow groups but also on /C*^-cohomology groups. Note how the structure obtained is 
reminiscent of a pure Hodge structure. 



8.36. Theorem. With notation and assumptions as in corollary 8. 35 , there is for all i a filtration on 
such that 

(i) The action of correspondences on the associated graded gr'' H^{Xp, IC^^)q factors through 

numerical equivalence. 
(h) grP H^Xp, ICn)(l = Oforp>n, p + d<n, p>d + i orn>d + d. 

(iii) Usual naturality properties (contravariance, compatibility with products). 

(iv) There are "higher Abel-Jacobi maps" 

grP H\Xf, IC'Jh - ^c'ont(^/Fp, Kt:i-''(Xp, • H^ondF/F,, i?^+r"(^F, Qiin))) 



such that the induced maps on gi^ H^{Xp^JC^ 
In particular, there is a canonical isomorphism 

W{Xp,IC^') 



Iq Q; ciTe isomorphisms. 



Moreover, if X is defined over a finite field, then gr^ /C„ )q — forp < n — i. 

Proof. Using a diagram analogous to ( |8.4D , we get an isomorphism 



p+q=i+n 



This isomorphism depends on the Hard Lefschetz theorem; it can be made canonical by [0| . By 
corollary 8.35, we have 



El'^{n)/e- El~^''^{n) for pi[n-i,n]. 



Define FPH'{Xf,JC. 



as the sub-vector space IJr>p -^2 



i+n — r 



{n)/e ■ El 



T — l.i~\-n~r 



(n). 



8.37. Lemma. This filtration is Q-rational; the corresponding filtration FPH^{Xp, IC^^)q on H^{Xf, IC^^)f< 
Q does not depend on the choice of I. 

Proof. Choose f : X U as in the proof of theorem B.32| . Applying i?/, to the isomorphism ( |8.2| ) 
restricted to X, we get an isomorphism 

RfM{Or^a*IC^'[-n] ^ i?/,Qz(n)= 
and the rational filtration comes from the Leray spectral sequence 

□ 

h. □ 



Lemma |8^ shows that FPW{Xf, /C™ )q ®q Q; —> FPH'{Xf, IC^') 



36 



BRUNO KAHN 



8.4. Homological transformation. Let i : Z ^ X he a closed injection in Sch/¥p, with 
X smooth of pure dimension d. Applying Ri' to ( ^.2| ) restricted to X, we get a morphism in 
V+iAbiZit)): 

By proposition |3.1l| c), the right hand side can be rewritten as Li(n — d)z[—'2d] Q;. On the 
other hand, since Qi{Oy — Qi[0] © Q;[— 1], the left hand side can be rewritten 



M 



.Xl 



Using the natural transformation a*Rr Ri'a* , we get a composition 
Q,(0)^|)a*ffi'/Cfx[-"] -^Li{n^ d)z[-2d] ® Q,. 



By proposition 3.9, the left hand side is isomorphic to Q;(0)'^ i^i a* Mn-d,z[~-n~d\. After shifting 
and changing n into n ~ d, we therefore get a natural transformation 

Qi{Oy^a*MnM-n]^ Li{n)z^Qi. (8.8) 

It can be shown by the method of ||l2|, proof of th. 4.1] that for Z quasi-projective ( |8.§| ) does 
not depend on the choice of the closed embedding i and has the usual naturality properties; we 
shall not need this here, so we skip the proof. 



8.38. Lemma. The natural map 



is an isomorphism. 

Proof. This follows from corollary |8.6| and the classical isomorphism of functors 



RiRa^ 



Ra^,Rv . 



□ 



8.39. Theorem. Conjecture 8.1i for all n is equivalent to the following: ( p.8[ ) is an isomorphism for all 
n and all Z G Sch/¥p. In particular, under conjecture 8.1i, one has isomorphisms 



Proof. This follows from the construction of ( |8.8|) and lemma ^.3^ . 



□ 



8.40. Proposition. Under conjecture S.li , there are isomorphisms for all quasi-projective X £ Sch/¥p: 

H,{X, /Cf ) © Q /C„) © Q ~ gr„ if,'_„(A) © Q 

where the second group is defined analogously to the first (with K -groups) and the third one is 
defined in H, th. 7 and 7.4]. 



Proof. The first isomorphism follows fro m cor ollary S.28 (v); the second follows from the spectral 
sequence of II, th. 8 ( iv)] and corollary |8.28| (v) again, which implies that this spectral sequence 
degenerates at £'^. □ 



With the help of theorem 8.39, we can now extend corollary 8.27 to singular varieties: 



8.41. Theorem. Assume conjecture 8.1L Let X be a quasi-projective variety over ¥p. Then, with 
notation as in 1^), the order of det(l - tF\H'^(X, Q/)) at t = p-" is dimQ H,^„{X, JCf^) © Q = 
dimQgr„if,;_2„(X)©Q. 



Proof. This follows from theorem 7.2, theorem 8.39| and proposition B.40 



□ 
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Theorem B.41 implies (and precises) Soule's conjecture that 

ord,=„C(^, s) = dimQ gr„ Kl{X) 



42, conj. 2.2]. 



9. Integral refinement 

In all this section, we assume resolution of singularities for varieties over ¥p. We stress this 
assumption occasionally. The reader who does not want to make such an assumption is advised to 
skip this section. 

9.1. Review of motivic cohomology. Recall the motivic complexes Z(n) of Suslin and Vo- 
evodsky We shall denote by H*{X,Z{n)){resp. H^^{X,Z{n))) the groups respectively 

denoted by Hg{X,Z{n)) and H1{X,Z{n)) in |5^, and similarly when replacing Z(ri) by other 

L 

A{ri) :— yl(X)Z(n), where A is an abelian group. Occasionally we shall write H^^j instead of H* . 

9.1. Proposition. We have quasi-isomorphisms 

Q(n) i?a,a*Q(n) (9.1) 

and 

a*Z(n)®Z/r ^Ai®"[0] (9.2) 

where a is the projection of the big Stale site o/SpecFp onto its big Zariski site; in ( ^.1| ), Q(n) 
denotes Z(n) (g) Q. 

Proof. This follows from H th. 2.5 and 2.6]. □ 
From this we get some information on the ctalc motivic cohomology groups of a smooth scheme 

X: 

9.2. Proposition. Let Z(;-)(n) denote Z{n) ® Z^;), where Z(;) is the localisation of % at I. Then, for 
any smooth scheme X over¥p, i?|j(X, Z(;) (n)) is uniquely divisible-by-finite for i < n, torsion for 
i = 2n + 1, torsion of co finite type for i = 2n + 2 and finite for i > 2n + 2. If moreover X is 
projective, then Hl^{X.,'L(^i){n)) is 

(i) uniquely divisible-by- finite for i < 2n; 

(ii) with finite torsion for i — 2n. 



Proof By ||5^, cor. 2.3], we have H'^^^{X, Z(n)) = for f > 2n. It follows from this and ( |9 iD that 
Hi^ { X, Z(n)) is torsion for i > 2n. The claims now follow from proposition 6.1, corollaries 6.2 and 



3.10 and the exact sequence 

• ■ • ^ Hl;\X,Qi/Un)) ^ Hl,{X,Z^i){n)) ^ Hl{XM{n)) - Hl,{XM/Mn)) 



(9.3) 
□ 



9.3. Proposition. Let X be a smooth variety overWp. Then, 

(i) WiZ{n))^Ofori>n. 

(ii) H"(Q(n)) ~/Cf 0Q 

(iii) HP{X, Z{n)) = forp>2n 

(iv) iJ^"(X, Z(n)) is canonically isomorphic to CH"{X). 

Proof. See cor. 2.3 and cor. 2.4]. □ 
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For any Fp-scheme X, let Fx denote the geometric Frobenius of X jSq, e xpose XV]. We note 
that Fx defines a finite correspondence from X to itself in the sense of [^2[. It is easy to check 
that X 1-^ Fx "extends" to an endofunctor F of the category of effective geometrical motives 
DM^fJ{¥p). It is clear that, for M, M' G DM^fJ{¥p), 



Fm ® Fm' 



F, 



M®M' 



under the natural map 



EndoMiM) ®z EndoMiM') ^ EndoMiM M'). 

9.4. Proposition. For any smooth scheme X overWp, the geometric Frobenius of X acts on H*{X, Z(ri)) 
by multiplication by p" . 

Proof. We interpret motivic cohomology groups as Homs in DMgl^ {¥p). So we have 

H''{X,Z{n)) = HomDM{M{X),Z{n)\i]) 

By naturality of the geometric Frobenius, its action on the latter groups is the same as the 
action induced by the geometric Frobenius of Z(n). Therefore it suffices to show that its class in 
EndDAiC^in)) is p" times the identity. Since Z(n) — Z(l)®", we are reduced to the case n = 1 
by the remarks just before the statement of proposition 9.4. Then Z(l) is a shift of the Lefschetz 
motive L. By prop. 2.1.4], we can compute Fl in the category of effective Chow motives; then 
the result is classical W3|. □ 



9.2. The conjecture. From (9.2) we get compatible maps (i/ > 0) 

a*Z{n) ^ MriO]- 
Tensoring it with Z;(0)'^, we get compatible maps 

which yield a morphism 

Zi{Oyi)a*Z{n) Zi{nf. 



(9.4) 



The following lemma is obvious from (|9.2[) and lemma 2.2 



9.5. Lemma. The morphism (9.4)® Z/Z is an isomorphism. 



□ 



9.6. Conjecture. The morphism (9.4) is an isomorphism. 



In view of lemma 9.5, conjecture |9.6| is equivalent to 



9.7. Conjecture. The morphism (9.4)(8)Q is an isomorphism. 



Assume resolution of singularities. By proposition 3.3 and corollary 6.4, the morphism (9.4)®(Q) 
induces a homomorphism of etale sheaves 

a*ICff (E,Qi^n"{Qi{ny). (9.5) 

It is easy to check that this morphism coincides with that of proposition 8.10| (tensored with 



9.8. Proposition. Under resolution of singularities, conjectures 9.t and 9.1 are equivalent to the fol- 
lowing: 



(i) W{Z{n))®Q^{) fori<n. 

ill) The morphism Un from (|9.5[) is an isomorphism. 
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(iii) The morphism of Stale sheaves 



given by cup-product by e is an isomorphism. 
(iv) W{Qi{nY)=0 fori>n.+ l. 



n+lf 



liny) 



Proof. Assume conjecture |9.7[ Then (i) follows from theorem 3.9 and [^3|, th. 2.5], (ii) is clear, (iii) 
follows from the fact that it is true for n = and (iv) follows from the fact that Z(n) is acyclic in 
degrees > n |Q. Conversely, (i)-(iv) imply that ( |9.4D (g)Q induces an isomorphism on cohomology 
sheaves, hence is an isomorphism. □ 



9.9. Corollary. Under conjecture 9.1, W{X,Q{n)) 2± iJ*-"(X,/C, 



□ 



9.10. Theorem. Under resolution of singularities, conjectures 8.1i and 9.6 are equivalent 



Proof. From proposition |9.8| it easily follows that conjecture 3.6 implies conjecture 8.12. Conversely, 
conjecture 8.12 implies (ii)-(iv) in proposition 9.S and we are left to see that it also implies (i). By 
theorem 5.4 and the purity theorem for motivic cohomology, we have to show that 

H\X,Q{n))^0 for i<n 

for any smooth, projective X. The proof is similar to that of theorem 8.17] , using corollary 8.16 



and proposition 9.4 



The following proposition is trivial from theorem b). 



9.11. Proposition. If conjecture 9.6 holds, then Zi{n) 



Z^|)a*Z(n) dZi. 



□ 



□ 



In particular, we recover proposition 8.19 in a more explicit way. 



9.12. Proposition. Suppose conjecture 9.6 holds. Let X be a smooth variety. Then there is a long exact 
sequence 



\X,Zin))®i 



Hl,iX,Zin))®Zi 



^ HUtiX,Mn)) ^ Hl-\X,Z{n))(^Qi 
Moreover, the connecting homomorphism d is given by tensoring by Z; the composition 



i-2 



(^,Q(")) 



i??,(X,Z(i)(n)) 



'{XMIIiin)) 



^'-\X,Qi/Zi{n)) - 
where /3 is the Bockstein map of (|9.3| ) . In particular, the image of d is torsion. 



Proof. The exact sequence is clear; the computation of d follows from proposition 4.4 



□ 



9.13. Proposition. Keep the assumptions and notation as in proposition 9.1i. Then 
a) For any X , 

(i) The map IIl^{X,'L{n))®'Li Hl^^^{X,Zi{n)) is bijective for i < n and injective for i ^ n+1. 

(ii) As a module over Z^;), iJ^^(X, Z(-;-)(n)) is finite for i < n, finitely generated for i = n and 
an extension of a finitely generated module by a torsion divisible module of finite corank for 
i > n. We have 



corankQ,/z, IIl^{X,Z{n)) 
b) If X is moreover projective, then 



rankz 



\X,Z{n)). 



(i) The map Hl^{X,'L{n))®'Li 
for i — 2n + 1. 



iJ*o,jt(X, Z;(n)) is bijective for i ^ 2n + l,2n + 2 and injective 
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(ii) As a module over Z^;) (n)) is finite for i =/= 2n, 2n + 2, finitely generated for i — 2n 
and cofinitely generated for i ~ 2n + 2. 

(iii) Suppose conjecture 9.6 holds for all n < d. If d = dimX, the group H'^^'^'^ {X ,'L(^i-^{d)) is 
canonically isomorphic to Qi/Zi and the pairings 

are perfect. 

(iv) We have isomorphisms 

i/2"(X,Z(n(n))tors ^ ffe'o„t(^,ZiH)tors 



H. 

2n+2 



2n+l 



(X,Z(,)(n)) ^ H',:+\X,Zi{n)),,rs 



cotors 



H, 



2n+2 



{X,Ziin)). 



Proof. Everything follows easily from propositions |9.2| and |9.12 plus the fact that the ring extension 
is faithfully flat, except for the corank computation. We have exact sequences 

i7^^,\(X,Zz(n)) ^ Hl;\X,Z{n))(g>Q^ Div{Hl,{X,Z{n)) (g) Zi) ^ 0. 

Since the last group is torsion and the first one is finitely generated, the image of the left map 
must be a lattice in Hl^'^{X,Z{n)) ® Q. This gives the claim. □ 



9.14. Remark. In particular, propsition 9.13 b) shows that conjecture 9.6 implies S. Lichtenbaum's 
conjectures 1) to 7) of §7] on the values of etale motivic cohomology, after localisation at I. By 
33 1, this implies conjecture 8) of loc. cit. on the values of the zcta function of X at nonnegative 



integers (note that there is an obvious misprint in the formula of loc. cit.). We now extend this 
to get a formula for the principal part of C{X, s) a,t s — n in te rms of motivic cohomology for any 
smooth variety, thereby completing the result of corollary 8.27 . 



9.15. Lemma. The homomorphism d of proposition 9.1i induces a homomorphism 



W^\X,Z{n))®^i/Zi 7J^t(X,Z(i)(n))tors 
with finite kernel and cokernel. 

Proof. The existence of d^^^ is clear from the factorisation of d given in proposition 9.12. By 
the exact sequence in this proposition, Ker9 is a lattice in H^~^{X, 



(n)) and Cokerd 



i~2 



HU,{X,Zi{n)), 



which is finite. 



□ 



9.16. Theorem. Let X he a smooth variety of pure dimension d overFp. If conjecture 9.t holds, then: 



(i) the order o/det(l - tF\H'^{X ,Qi)) at t = p"-" is ia,nkH^'^-'{X,Z{n)) 

(ii) C{X,s)^{l-p' 



71 — d— s\ad_j- 



ip{s), wit/i ad-n = E(-l)'^ ranki?'(X,Z(n)) and 



(iii) W{d-n)\i= n-=oind(aO 

Note that we don't get a separate formula for the principal part of det(l — tF|i/*(X, Q/)) at 
t — p^" in terms of motivic cohomology. See remark 9.18| for more on this point. 



Proof, (i) and (ii) follow from corollaries 8.27 and |9.9| . (iii) With the help of lemma 3.15, we extend 
the commutative square of proposition 9.12 into a bigger commutative diagram: 

i/3t(^,Z(0(n))tors 

4 



(X,Z(n))®Q,/Z, 



W^^{XMi/Mn)) 



Hr^\X,^i/Zi{n)Y 



. Hr^\XMi/Un))c 
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which foUows from lemma 6.6 as in the proof of proposition 3.5. By corollary 7.7, the bottom 



horizontal map has finite kernel and cokernel, and so has the top one by lemma 3.15. By the cross 
of exact sequences 





H'-'{X,Qi/Zi{n)) 



0^ W-^X,Qi/Zi{n)) 



G 



Hl{X,Z^i)in))to,s 



the compositions 



W~^X,Z{n))®Qi/Zi ~ > W~HXM/Mn)) 



W-HX,Qi/Ziin))c 



^ > i/5t(X,Z(,)(n))to,., 

have same kernel and cokernel. Since, by the above, Kera*^^ and Coker/3'~^ are finite for any i, 
this proves 

9.17. Lemma. For all i, a' and (3^ have finite kernel and cokernel; moreover ind(Q;*~"'^) — ind(/3'~^). □ 



By lemmas 9.17, 7.4 b) and the above commutative diagram, we have 

ind(a'"2) ^ ind(a*"2)ind(p''-2)ind(/3''-2) = ■ind{a'-^)inA{p'-^)iud{a'-^). 



By corollary 7.7, l/^b"'"*)!; = \ind{p'^'^-% . It follows that 



l/(p""')|/ = 



2d 



i=0 



2d 



i=0 



as desired. 



□ 



9.18. Remark. Theorem [9.1 6| (i) becomes much more suggestive if one compares the group H^"^ ^{X, Z{n)) 
to 

Hi{X,Z{d-n)), 

motivic cohomology with compact supports . It is likely that these two groups are dual to each 
other after tensoring by Q. More precisely, by ||, §9] we have 

Hl{X, Z{d - n)) 2± H2d-,iX, Z{n)) 

since X is smooth, where the right hand group is motivic homology, and there is a pairing 

H2d-^{X,Z{n)) X H^''-\X,Z{n)) 

^ HomDM{'^(n)[^d - i],M{X)) x HomDM{M{X),Z{n)[2d - i]) 

EndDMmn)[2d -i]) = Z. 

Here the motivic groups are Zariski, but they do or should coincide with the etale groups after 
tensoring by Q. This strongly hints that one should formulate a version of conjecture 9.6 for 
continuous etale homology analogous to theorem 8.39, involving this time Borel-Moore motivic 
homology. This would presumably allow one to remove the smoothness assumption in theorem 



9.16. In this generality, there is a pairing between etale motivic cohomology with compact supports 
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and etale motivic Borel-Moore homology, analogous to the above, that one can conjecture to be 
perfect after tensoring by Q. What would then be the relationship between the principal part of 
det(l — tF\Hl{X, Qi)) a,t t = p'^~'^ and the determinant of this pairing (together with the torsion 
of the two motivic groups)? 

We even suspect that this conjectural picture formally follows from conjecture 



Specialising to the case where X is projective and taking account of proposition 9.13 and the 
functional equation of C{X, s), we get: 



9.19. Corollary. With the assumptions and notation of theorem 9. It, if X is moreover projective, then 

ranki72»(X,Z(n)) and 



Q{X,s) = {l-p 



)''"(^(s), with a„ 



n \HUX,'L{n))\(~'y\nd[H 



In 



(X,Z(z)(n))®(Q,/Z, 



2n+2 



(X,Z(n)) 



Alternatively, using corollary 7.1C and proposition |9.13 b) (iv), we get the following formula, 
which is the /-primary part of ]2^, §7, conj. 8] (after correcting the weight n + 2 to n in loc. cit.): 



9.20. Theorem. With the assumptions and notation of corollary 9.1^ . 



have 



|if2"(X,Z(,)(n))tors||i/^"+'(^,Z(,)(n))eotors 



\Rn{X)\ 



where H^^ {X, (Ti))cotors is the quotient of H^l {X ,'L(i-^{n)) hy its maximal divisible subgroup 
(a finite group by corollary 6.1 and proposition 9.1!\ b) (iv)) and Rn{X) is the discriminant of the 
pairing 



HS\X,Z^i){n))/toYS X i7^^-2n(^^2(,)(d- n))/tors ^ (X, Z(,) (d))/tors ^ Z(,) 



2d/ 



with respect to any bases o/ Z(-;)(7i))/tors and H^^^ ^{X,'L^i^{d ~ n))/tors (this is well 
defined up to a unit ofZ(^i^). 



□ 



Proposition 9.13 shows that, under resolution of singularities and conjecture 9.6, the etale 
motivic cohomology groups i?Jt(X, Z(;)(n)) are finitely generated over Z(/) for i < 2n + 1 and 
any smooth, projective variety X/¥p . What about the converse? The answer is surprisingly 
negative and is given by theorem |9.22 and corollary 9.24 below. 



9.21. Proposition. Conjecture 9.6 holds for n < m when restricted to Sd if and only if, for any smooth, 



projective X of dimension < d, the homomorphisms 

Hl{X,Zi{QY®a*Z{n)) - 
are isomorphisms for all n < m. 



H*,^,{X,Zi{n)) 



Proof. Let K{n) be the cone of (|9.4| ) : conjecture |9.6| holds on Sd if and only if, for any X smo oth of 
dimension < d, the groups H* {X, K{n)) are 0. The proof is similar to that of theorem 8.17 . Note 
that X i—i- H*{X, K{n)) defines a pure graded cohomology theory with values i n Q ;-vcctor spaces. 



The first claim follows from purity for continuous etale cohomology (theorem 3^) and purity for 



etale motivic cohomology 141 , while the second one follows from lemma B^. Proposition 9.21 



follows once again from theorem 5.4 b), noting that K(n) has transfers 



now 
□ 



9.22. Theorem. Let X be a smooth, projective variety overVp. Assume that the groups i7?^(X, Z(;)(n)) 
are finitely generated Z(^iymodules for all i < 2n + 1. Then: 

a) The Tate conjecture holds for X in codimension n; 

b) Let K{n) be the cone of (9.4). Then H^^(X, K(n)) = for i ^ 2n, 2n + 1 and there is an exact 
sequence 







ll-{X,Kin))^H^,:^,iX,Qi{n)) 



H. 



2n+l 



Tl2n+1 



{X,K{n))^Q. 
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Proof. By the assumptions and proposition 9.2, Z(;) (n)) is finite for i ^ 2n,2n + 2 and 

torsion for i = 2n + 2. It follows that 

W{X,Z{n))®Zi ^ W{X,Z{n)(g>Zi{OY) 

L 

for i ^ 2n + l,2n + 2, hence that ]HI^j.(X, Z(n) (g)Z/(0)'^) is a finitely generated Z/-module for 
i ^ 2n, 2n + 1. So are the Hl^^^{X, Zi(n)) for all i. Since the ]HI^j(X, K{n)) are uniquely divisible, 
it follows that they are 0, except perhaps for i = 2n, 2n + l. We have a commutative diagram with 
exact rows and columns 

i/2^"„t(X,Z,(n)) 



B 



^ i72»+i(x,Z(n)) ® Z/ 



i72"+i(X,Z(n) ® Z/(0)'=) 



H^''{X,Q{n))^I.i 



H^"+^X,K{n)) 



ff2»+2(x,Z(n) (8)Z,(0)^). 

Let M = Coker A and N its torsion subgroup. Then B{N) maps to in Q(n)) (g) Z;, 

hence is contained in Z(n)) (g) Z;. But this group is finite and B{N) is divisible, hence 

B{N) — 0. This shows that M is torsion-free and, since H^l\^^{X,Zi{n)) is finitely generated, this 
shows that A — 0. We first deduce that 



H^"{X, Z(n)) ® Qz ^ Z(ti) ® Qz(0)^) ^ i?e'ont(^> W) 



which gives a). Using this and tensoring the above vertical exact sequence by 
sequence 



we get an exact 







4" 



Tl2n+1 



iX,K{n)) 



(note that i/2"+2(x, Z(n) ® Z;(0)'=) is torsion). Theorem |9.22| results from this and the following 
lemma, which is an easy consequence of corollary [4.^ : 

9.23. Lemma. The map C is cup-product by e. 



□ 



9.24. Corollary. Conjecture 9.t holds for weights < d and smooth varieties of dimension < d if and 

and condition 5" are verified for projective ones for all 



only if the condition of proposition 
n < d. 



9.2', 



□ 



It is difficult in general to get more precise information on the cokernel of the /-adic cycle map 

® Z, -> i?,2lt(X, Z,(n)). 
We shall do so when the ground field is finite. (Compare |33, remark 5.6 a)].) 



9.25. Proposition. // conjecture 9.6 holds, then, for any smooth, projective variety X over ¥p, there is 
an exact sequence 

^ Hl^-\X,Qi/Zi{n)) ^ CH'\X) ® Z; ® H^^^^X, ZK«))tors 



ff4"„t(X,Zi(n)) ^ CH^{X)®Qi/Zi ^ Hi^^iX,Qi/Un)) 
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Proof. This follows readily from the commutative diagram of exact sequences 





Hl2{X,Qi/Zi{n)) > Hl"{X,Qi/Zi{n)) 







Here the top Os and the middle isomorphism come from proposition 9.13 b), and the bottom 
comes from proposition 9.3 (iii). □ 



10. The one-dimensional case 



In this section, we prove: 



.1. Theorem. Conjecture 8.1i is true when restricted to smooth curves overWp. 

Proof. We reduce as usual to the case of a smooth, projective curve X/¥p, that we may suppose 
connected. For n>2, Qi{n)?^ = by corollary |6.12| . On the other hand, (/C^)x Q = 0: to see 
this, wc reduce by theorem to showing that K^-' {¥p{X)) eg) Q = 0. This follows from the case 
n — 2, which is a consequence of Harder's theorem. Theorem 10.1 is proven for n > 2. 
Assume now n — 1. Let k be the field of constants of X. We have ICf^ = Gm and: 

FLr(^,<G„0®Q = fc*®Q = 0; 

H^^^iX,Gm) Q - Pic(X) ^Q^Q; 

7ILr(^,<G™)«'Q-0 for i>l. 

On the other hand, we can compute HL^{X,Qi{l)) with the help of lemma 3.12] a) and the 
Kummer exact sequence. By proposition 6T, it suffices to consider i = 2,3. For i = 2, we have 
short exact sequences 

HUX,f,i.) > 



Pic{X)/l'' 
Br{X)/l'' 



-Br{X) 



and Br{X) = 0, iJ?t(X,( 



> Hi{X,fii.) > i^Hi,iX,i 

by class field theory. This gives: 

QKl)) = Pic(X); r^Q^Qi; 
Hl^,{X, Qi{l)) = Ti{Q/Z) ® Q ~ Q, 








Hi- 



One checks easily from these computations that 
groups. 



) induces isomorphisms of cohomology 



□ 
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11. A CONJECTURE IN THE ZARISKI TOPOLOGY 

In this section as in section ^, we assume resolution of singularities. 
Assume conjecture |9.6| holds. We can rewrite it as an exact triangle 

a*Z{n) ®Zi^ Zi{ny a*Z{n) (g> Qi[-l] a*Z{n) ® Z,[l]. 

Taking propositions |9.3| (i) and |9.8| (i), (ii) into account, this can be rewritten as another exact 
triangle 

a*Z{n)(x)Zi Zi{nY a*/C,f ® QJ-n - 1] a*Z{n)®Zi[l\ 
or an isomorphism 

a*Z{n) ®Zi^ fibre(Z,(n)'= ^ a*/Cf ® - 1]). 



Still by proposition 9.8, the right hand side can equally be written r<„Z;(n)'^. Applying i?a*, 
we therefore get as a consequence of conjecture 3.6 a conjectural isomorphism 

Recall now the Kato conjecture: for any field F of characteristic ^ Z, the Galois symbol 

iff(F)/;^i7"(F,Mr) 



is bijective, and the Beilinson-Lichtenbaum conjecture |53 

Z(rt) ^ T<n+iRo-*cx*Z{n). 

By the main result of the Kato conjecture is equivalent to the Beilinson-Lichtenbaum con- 
jecture under resolution of singularities. Moreover, by the main result of |Q, the Kato conjecture 
holds for I = 2 (without assuming resolution of si ngul arities). 

Assuming the Kato conjecture and conjecture |9.6| , we therefore get a new conjectural isomor- 
phism: 

Z(n) ® Z; ^ T<n+iRa*{T<n'^i{ny). 

This is equivalent to an isomorphism Z(n) Z/ — > T<nRa*Zi{nY plus an injection of Zariski 
sheaves 

R''+^a^Zi{ny K.^ ®Qi 

the latter being the same as asking for i?"+^Q;*Z;(n)'^ to be torsion-free. We can now state our 
conjecture in the Zariski topology: 

11.1. Conjecture, a) The natural morphism in the derived category of abelian sheaves over the big 
Zariski site of Spec Fp 

Z{n)®Zi T<nRa*Zi{nY 

is an isomorphism. 

h) The Zariski sheaf R"'^^a^,Zi{nY is torsion-free. 

11.2. Remark, b) is closely related to 'higher Hilbert 90'. 

We have proven part a) of the following (under resolution of singularities): 

11.3. Proposition. Under resolution of singularities, 



9.6 and the Kato conjecture imply conjecture 



11.1 



a) Conjecture 

b) Conjecture 11.1 is equivalent to the conjunction of the Kato conjecture and either 

(i) finite generation of the Z(^iymodule H^{X, Z(^i'^(ji)) for all i < n + 1 and all smooth X 

(ii) same as (ii), but only for smooth, projective X. 
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Proof. Assume conjecture Tensoring the isomorphism by Z/l, we get the Beihnson-Lichten 



baum conjecture, hence the Kato conjecture. Moreover, applying lemma 3.12 b), we get the 
finite generation statement. Without assumptions, the cone of i?a*Q;*Z(n) (g) Z/ ^ i?a*Zi(n)'^ has 
uniquely divisible cohomology sheaves. Therefore, the same holds in degree < n for the cone of 
the truncations r<„_|-ii?a*a*Z(n) (g) Z; ^ r<„_|_ii?a*Z/(n)'^. Assuming the Kato conjecture, hence 
the Beilinson-Lichtenbaum conjecture, this means that the cohomology sheaves of 

K(n) = cone(Z(n) (g) Z; ^ r<„+ii?Q:*Z;(7i)'^) 

are uniquely divisible in degrees < n and that i?"+^Q;*Z/(n)'^ is torsion-free. Let now AT be a 



smooth, projective variety over Fp. Using lemma 3.12 b), the finite generation assumption implies 



that I¥{X,K{n)) — for i < n. Applying theorem p.4| b), we get the same result for all smooth 
X. It follows that W{K{n)) = for i < n, which is equivalent to the statement of conjecture |ll.l| . 
□ 



11.4. Corollary. Under resolution of singularities and the Kato conjecture, finite generation of the 
groups i7'(A, Z(/) (n)) for n > 0, i < and smooth, projective varieties X implies their vanishing 
for any smooth X (motivic form of the Beilinson-Soule vanishing conjecture). 



□ 



By proposition 11.3 a), conjecture 11.1 implies that the groups H^{X, Z(;)(n)) are finitely gener- 
ated over Z(;) for i < n+1 and any smooth variety X over Fp. What about i > n+1? Conjecture 
9.6 implies that these groups have finite rank, but not that they are finitely generated. In partic- 



ular, it does not imply the finite generation of the Cho w gr oups of X. We shall now formulate a 
last conjecture and show that, together with conjecture 3^, it implies this finite generation. 



11.5. Conjecture. For any smooth scheme X over a reasonable base (¥p, Z[l/l], a separably closed field 
are reasonable), the groups 



H^^.iX^HUZ/rin))) 



are finite for all i, j, u, n. 



11.6. Theorem. (Under resolution of singularities) Assume that the Kato conjecture holds, conjecture |ff.6| 
holds and conjecture 11. 1 holds for X projective and v = 1, n = 0. Then the groups H^{X,'L(^i-^{n)) 



are finitely generated over Z,(^i-^ for all i and any smooth X/¥p 



Proof. Once again, by theorem 5.4 it is sufficient to deal with the projective case. Assume first that 
r(A, Gm) contains a primitive l-th root of unity. Then, by the Beilinson-Lichtenbaum conjecture, 
we have for any n an exact triangle on the small Zariski site of X: 

Z/l{n - 1)m ^ Z//(n)M ^ H"{Z/l) ^ Z/l{n - 1)m[1] 

where the index M indicates motivic complexes. From the assumption, we get inductively that 
H\j{X,Z/l{n)) is finite for all i,n. If r(X, Gm) does not contain a primitive l-th root of unity, 
we reduce to this case by a classical transfer argument. By induction on v we then get the same 
result for Z/r(n)) and all i/ > I. 

The Soule-Geisser motivic argument implies that _ff]^^(A, Z(;) (n)) has finite exponent for i < 2n. 
The injection 



for v sufficiently large then shows that this group is finite. 

For i = 2n, we use proposition 9.2?;: it suffices to show that H 



2n- 
M 



\X,i 



do this by showing that it has finite exponent, just as above. 



h/Ziin)) is finite. We 
□ 
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12. The case of rings of integers 

In this section, let S — SpecZ[l/Z] and S be the category of regular S'-schemes. We don't have 
even a conjectural description of Zi{nY over S^t- We shall indicate the little knowledge we have, 
mostly for the restriction of Zi{ny to the small etale site of S. 

We begin with an elementary result which partially reduces the problem to understanding what 
happens at the generic point of S. Unfortunately, we have to state it in terms of etale homology. 

12.1. Proposition. Let X be a scheme of finite type over S, X its generic fibre and, for p =/= I, Xp its 

closed fibre at p. Then, for all n ^"L, there is a long exact sequence 

• • • ^ ff™"*(A'/5,ZKn)) ^ Ht°''\XlS,Un)) -^]\Hr_f(Xp/¥Mn)) ^ H'^^f {X I S ^Mn)) ^ 



Proof. This follows from proposition 3.11 a). □ 



12.2. Corollary. Let X be a scheme of finite type over S and X its generic fibre. Then for all n < 
and i G li, the natural map 

Hr\X/S,Qiin)) ^ Hr'iX/S,Qiin)) 

is an isomorphism. 

' ' ' ' □ 



Proof. This follows from proposition 12.1 and corollary 6.13 



Recall, for each prime p, the canonical generator of H^^j^^(¥p,1ii) that we now denote by Cp. 
Given its importance in the theory in characteristic p, the first question that comes to mind is: do 
the Bp lift compatibly to characteristic 0? The answer is, predictably, yes but only up to a factor. 

More precisely, the cyclotomic character gives a continuous homomorphism 

e : 7ri(S') ^ Z* 

which is surjective by Gauss' theorem on the irreducibility of cyclotomic polynomials. This defines 
a class in H^^^^{S,Zi). Consider the continuous homomorphism 

^ : Z;* Zi 

^^f^log(uO if?>2 
"^\ilog(w2) ifZ = 2. 

This has kernel the roots of unity of Z^* and coincides with l/l of the usual logarithm when 
restricted to 1 + ZZ; (/ > 2) and with 1/4 of the usual logarithm when restricted to 1 + 4Z2 (/ ~ 2). 
In all cases, it is surjective. Via £, we associate to e a class, still denoted by e: 

12.3. Lemma. For all p ^ /, the image of e in _ff^Q,j^(Fp, Z;) is £{p)ep. 

Proof. The absolute Frobenius automorphism at p raises roots of unity to the p-th power. □ 

12.4. Definition. Let Mq be "the" field of real algebraic numbers (Ko = MnQ for a suitable embedding 
of Q into C). For n G Z/2, we denote by Z(n) the GRo-module with support Z on which the action 
of Grq is given by e", where e is its nontrivial character of order 2. We set 



A{n) = Lnd^l Z(n). 
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12.5. Theorem. Let j : SpecQ > SpecZ[l/2] be the inclusion of the generic point. For n > 2, 

a) There is a non- canonical isomorphism 

Q,(n)fs~j;A(n+l)®Qa-l]. 

b) The natural morphism 

i?j;a*Z(n)|Q®Q, ^Q,(n)[5 

is an isomorphism. 

Proof, a) Let i? be a ring of S'-integers in a number field F (we assume l/l ^ R). It is clear 
that Q;(n)) = and Hl^^^{R,Qi{n)) = for i > 3 as well for reasons of cohomological 

dimension. By Soule's main theorem p[ , we have 

. H^{R,Qi{n))^0; 

• the Chern character induces an isomorphism 

On the other hand, the localization exact sequence in algebraic if-theory shows that 

K2n-l{R) ® Q ^ K2n-liF) ® Q. 

Therefore, the Chern character induces an isomorphism 

j,a*JC2n-i ® Qi[-l] ^ QiHis- (12-1) 

On the other hand, the Borel regulator can be interpreted as a Ga^ (C/M)-equivariant homo- 
morphism 

if2„-i(C) ^M(n+1) 
where := Z(n) (g) R. By the composition 

K2n-l{F) [] K2n-liF,) M(n + l)"^" 

v\qo v\oo 

where G„ = Gal{<C/¥y) indices an isomorphism 

K2n-i{F) ® M ^ ]J M(n + 1)'=" 

i'|oc 

hence, in the limit, an isomorphism of GQ-modules 

i^2n-i(Q) ® M ^ ^(n + 1) ® R. 
By the theory of characters, this isomorphism implies an abstract isomorphism 

K2n-i(M) (E) Q :^ A{n + I) (g> Q 

hence an isomorphism 

K2n-i{Q)^Qi^A{n + l)r^Qi 

and a). 

b) This follows from (|12.1|) and pi, th. 4.1 and 4.2]. □ 



12.6. Remark. Behind the noncanonical isomorphism of theorem 12.5 a) are of course the determinants 
of the Borel regulators. This, and the prominent role of archimedean places, shows how Arakelov 
geometry lurks in the background. 



Theorem 12.5 shows that the situation is markedly different in characteristic and in charac- 
teristic p: 

12.7. Corollary. For n > 2, cup-product by e 

is for all i. □ 
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For n < 0, contrary to characteristic p, it is well-known that 7^ It is widely 

conjectured (loc. cit.): 



12.8. Conjecture. Theorem 12.5 a) extends to n < 0. 



To describe Z;(l)|^^, it is convenient to introduce more definitions. Let D be the discrete 
topological GiQ-module defined by 

D = lim [F:0]<+oo£'w(Of) 
and define the etale sheaf of codivisors Codiv as the kernel of the surjective map 

j^D Div. 

The degree map on D induces a map 

deg : Codiv j*Z. 

We also define ^(0) as the kernel of the augmentation A{0) — > Z. Finally, let Br be the Zariski 
sheaf associated to the presheaf U i-^ Br{U) on the small etale site of S. 

12.9. Proposition. There are exact sequences 

-> i,i(0) (Q ^ G,„ ® Q ^ Codiv 

O^Br^ Codiv (g) Q/Z ^ j^Q/Z 

except for the contribution of real places to the Brauer group. 

Proof. This is a reformulation of well-known results. In the first sequence, the left hand sheaf 
corresponds to 0*p for F running through number fields; its description follows from Dirichlet's 
units theorem (hence is once again transcendental). The right hand side can be obtained similarly, 
using the S'-units theorem. The exact sequence concerning the Brauer group is a reformulation of 
the Albert-Brauer-Hasse-Noether theorem. □ 

12.10. Theorem, a) W{Qi{lY\s) ^ Q for i ^ I, 2. 

h) The natural map 

G„,[-1]®Z, ->Hi(Zz(l)f=5) 

given by Kummer theory is an isomorphism, 
c) There is an exact sequence 

^ H^(0,(l)?o) Codiv 0,^ uOi ^ 0. 



Proof, a) follows as in the proof of theorem 12.5 a). To see b), consider i? C F as in the said proof. 



From the Kummer exact sequence, we get short exact sequences 

^ R*/{R*f -> H\R,fii.) ^ Pic(i?) ^ 0. 

Since all groups are finite, there are no lim ^ and we get a resulting short exact sequence 

^ \unR*/{R*y" H^{R,Zi{l)) Ti{Pic{R)) 0. 

But R* is finitely generated and Pic(i?) is finite (Dirichlet's theorem); hence the left hand side 
is R* (g) Zi and the right hand side is 0. 

Finally, to see c), we use the similar exact sequences one degree higher: 

^ Pic(i?)/r ^ H^{R,fii.) i^Br{R) -> 



and proposition 12.9. □ 
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A nontrivial question is whether cup-product by e 

is surjective. This seems related to the Leopoldt conjecture. Out of laziness we don't examine this 
in more detail and just give a conjectural value for Qi(0)|^^, which is easily seen to be equivalent 
to the Leopoldt conjecture. 

12.11. Conjecture. There is an exact triangle 

J*Q/[-l] ^ Q/(0)[s ^ j.A{l) Qi[-1] ^ j,Qz[0]. 

In particular, H*(Q/(0)[g) = forij^l. 

Further insight on the conjectural behaviour of Qi{nY in characteristic can be found in p9| 
and §13]. These two references, together with theorems 12.5 and 12.1C| , at least suggest: 



12.12. Conjecture. For n > 0, the map 

a*Z{n) iSiZi T<nj*Zi{n)s 
restricted to smooth varieties over Q is an isomorphism. 



The case n = is trivial and the case n = 1 is easily checked as in the proof of theorem |12.1C 
b) (use the finite generation of r{X, O^) and of Pic{X) for X regular of finite type over SpecZ, 
which follow from Dirichlet, Mordell-Weil and Neron-Severi) . On the other hand, I have no idea 
of the nature of r>„j*Zi(n)s. 

Appendix A. The Bass conjecture implies the rational Beilinson-Soule conjecture 

Let n, i > be two integers; for any regular scheme X, denote by A''„(X)'^*^ the j-th eigenspace 
of the Adams operations acting on Kn{X) [Q. For any prime number I and any abelian group A, 
denote by A(i) the localisation A ® Z(;) of A at /. In this appendix, we prove: 

A.l. Theorem. Assume that Ar„(A)^'' is finitely generated when X is of finite type over Z. 

0-) If ^ l£ i l£ "-/S, then for any d > there exists an effectively computable integer M{n, d) such 
that M{n,d)K„{X)'^^^ = for any regular scheme of dimension < d. 

h) One can choose M{n,d) such that, if n — 2i ~1 > \, for any regular scheme X of dimension 
< d, in the commutative diagram 

if2«-l(Ao)g > if 2.-1 (^^(^0))^ 

all maps have kernel and cokernel killed by M{n,d). Here Ao is the scheme of constants of X, i.e. 
the normalisation o/ SpecZ in X, and k(X) denotes the total ring of functions of X . 



The proof goes along the same lines as the one of corollary 11.4, but is more involved. The 
game is to dodge resolution of singularities. The method goes back to [ p3| . 
The proof will be divided into a series of lemmas. 

A. 2. Lemma. For all n > there is an effectively computable constant M{n) such that, if F is a field 
of characteristic 0, 

M{n)K„{FY'^ 

is uniquely 2-divisible for i < n/2 and, for n = 2i — 1 > 1, the natural map 
multiplied by M{n) is infective with uniquely divisible cokernel. 
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Proof. We have the Bloch-Lichtenbaum-Friedlander-Sushn-Voevodsky spectral sequence 
EP,, ^ HP-i(F, Z{-q)) ^ K_p_,{F) (p, q < 0) 

(d, §, H, see the discussion in |4[ 2.1]). By Soule ||, for aU fc > the Adams operation ip'' 
acts on this spectral sequence, by multiplication by fc"* on i?!'''' and converging to the standard 
action on K_p_q(F). It follows that, for all r > 2, the differentials are killed by 

Wr-i := gcdk>2k^ {k"^^^ - 1) 
where TV is large with respect to r (c/. Q, p. 498]). It follows that, for any p,q < 0, the group 

W1W2 ■ ■ ■ W_pi?2'^ 

consists of universal cycles, while universal boundaries of degree (p, q) are killed by 

Wi'W2 ■ ■ ■ W-q. 

To summarise, there is a chain of inclusions 

Wl . . . W-pWl . . . W^qE2''^ C Wl . . . W^qE^ (~ Wl . . . W-qEl^''^ . 

On the other hand, let {F^ Kn{F))i>o be the filtration on Kn{F) induced by the spectral se- 
quence. The Adams operation 'ijj^ respects this filtration and acts on gr* Kn{F) — £'|!^"'~' by fc*. 
Let if be the composition 

KrXF)^'^ ^ K,,{F) K^{F)/F'+'Kr,{F). 
Then wi . . . Ker ip = and wi . . . Wi_i Im ip C gr* Kn{F). Conversely, by the argument of 



44, p. 499], this subgroup has index wi . . . Wn^i- In other words, there is a chain of inclusions 



Wl . . .Wn-iWl . . .Wi-iKniF)'^''^ C Wl . . . W„_ii?^ * C Wi . . .Wi-lKn{F)^ ^ 
r(0 



where Kn(F) is a quotient of Kn{F)^^'^ by a subgroup of exponent wi . . . Wn-i- 

Let M{n) — [wi . . . w„)'*. We see from the above that there exists for all i a chain of homomor- 
phisms 

with kernel and cokernel killed by M{n). 

By in th. 3.1 a)], H'^'-"{F,Z{n)) is uniquely 2-divisible for 2i - n < 0, and by loc. cit, th. 
7.1, i?^Fo,Z(2)(ri)) Z(2)(n)) is injective with uniquely divisible cokernel (this relies on 



47| and ra). The resuh follows. □ 



A. 3. Lemma. Lemma A.i also holds for F of characteristic p > 0. 



Proof. We distinguish two cases: 

1) p = 2. By results of Geisser and Levine jl^, Coker(_ft'*^(F) Kn{F)) is uniquely 2-divisible. 
The result then follows from Q, p. 498, cor. 1] (and its proof). 

2) p > 2. By the long homotopy exact sequence, it is enough to show that, for all i < n/2 and 
> 1, M(n)i^„(i^,Z/2'')W is if i < n/2 and that M(n)i4:„ (Fq, Z/2'^)« ^ M{n)Kn{F,Z/2'')<-^^ 

is bijective {resp. injective) for n ~ 2i ~ 1 {resp. 2i — 2). We may assume F perfect (transfer 
argument). Let E be the field of fractions of the Witt vectors on F. We have split short exact 
sequences 

^ Kn{F,Z/2-') ^ Kn{E,Z/2'') ^ i^„_i(F, Z/2'') ^ 

which are respected by the Adams operations, and similarly for Fq. The result follows from this, 
up to increasing M{n) a bit. □ 
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A. 4. Lemma. For any n, d, there is a constant M{n, d) such that, for any regular scheme X of dimension 
d, 

M{n,d)K,,iXf^ 

is uniquely 2-divisible for i < n/2 and, for n = 2i — 1 > 1, in the commutative diagram 



with natural maps multiplied by M{n,d), all maps are injective with uniquely divisible cokernel. 

Proof. To do this, we reduce to the field case by using the Quillen spectral sequence (for X 
and Xq) 



Soule's theorem that the Adams operations act on this spectral sequence p. 521, th. 4 (i), (ii)] 
and an argument similar to that in step 1 (c/. also [p3[). □ 



A. 5. Lemma. Theorem A.l holds for X of finite type overT,. 



Proof. This follows immediately from lemma A. 4 



□ 



A. 6. Lemma. Theorem A.l holds for X = SpecF, F a field. 



Proof. We may assume F finitely generated. Write F = k(X) for X regular of finite type over Z. 
The result follows from lemma A. 5, a direct limit argument and lemma A. 3. □ 



Proof of theorem A.l. Follows from step 5 and a new application of the Quillen spectral sequence. 



□ 



A. 7. Corollary. Under the assumption of theorem A.l, for any smooth scheme X over a field F of 
characteristic 0, 

a) H^'-"{X, Z(2)(i)) ^0 fori>0 and2i-n<0. 

b) In the diagram 

i7i(X,Z(2)W) > H^{F{X),Z^,^{{)) 



iJi(Fo,Z(2)W) 

the two maps are isomorphisms. The same holds for F of characteristic > 0, under resolution of 
.singularities. 



Proof. The case X — SpecF follows from theorem A.l by applying the argument in the proof of 



lemma [A.l| backwards. The general case follows from the coniveau spectral sequence plus purity 
for motivic cohomology. □ 



By the same method as in the proof of theorem A.l, one can further show that the Bass 
conjecture implies the Parshin conjecture for smooth, projective varieties X over Fp {Ki{X)®Q = 
for i > 0), hence recover the consequences Geisser deduces from this conjecture in §§3.3 and 
3.4] (see corollaries ^.28 and 8.30| here). 
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